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Iepiindm

Yxomndg g napovoag epyactag elval apevog N oyedlaon ylag aniic YAGooag vhniol emnédou
UE LTOOTARLEY YL TEOYEAUUATIOUS Ue anodellels, apeTépou 1) UAOTOINOY EVOC UETAYAWTTLOT
v ) YAdooa auth) mou Ha mapdyel xdduxa yio pwla YAGdooa evLaUEooy EMIEdOU XATAAANAY
yia SnuLoveYlo TLOTOTOUEV®Y EXTEAEGLUMY.

Y onuepwvy enoyt, N avdyxn yia afLOTLOTO %Ol TLOTOTOUNUEVY Ao@UAf) Xxd3xa yiveton
drapnds eupdtepa avtiknnth. Téoo xatd 1o naperldy 660 xon mpbdapata €xouy Yivel Yvootd
TEOBAUATA ACPAAELAG Xt GUUPATOHTNTIS TPOYRAUUATWY OV LYoy WG ATOTEAEGUA TEOBARUATA
oty Aettovpylo UEYIAWY CUCTHUATWY XAl GUVETMS OLXOVOULXES ETUTTOOELS GTOUS OLYAVLOUOYC
mou Ta yenowwonotoboay. To npofAfuata autd ogethovtal oe ueydho Babud otnv Ehhewdhn du-
YatoTnTAg TEodtaypaphc xot anddEEnS TG 0pH6TNTUS TWV TEOYEAUUATKY Tou YapaxTnetlet Tig
olyypeoveg YA®ooeg Tpoypauuatiopol. Lo to oxond autd, éxouv npotabel ovothuata ToTo-
ToNUEVRDY exTENéGLUWY, ota omola €youue T duvatdtnTa vo Tpodiaypdpouue Ty ophdtnTa
TWV TEOYPUUUAT®Y, oL Vo Topéyouue pia Tume anédelln avtig, 1 omola unopel vo eheyylel
UNYAVLOTLXE TIELY TO YeOVO EXTEAEOTS.

Ta cvothuata mou €xouy teotabel elvon evdiduecou emnédou ondte 1 Siadixacia Tpoypoy-
patiopol oe autd elvan Wiattepa ToAvTAoXY. Ol YA®ooeg ufmiod emnédou Tou cuvodetouy
auTd To GuaTHUATA, EVE elvor Wialtepa exppaoTinés, Tapauévouy SUGXOAES GTOV TPOYEAMUA-
Twoud. Mia amhobotepn yAdooa vdniol emnédou, 6nwg autyh mou Tpotelvouue o auTh TNV
epyaota, Oo enétpene cupltepn eZAMAMGY TOU GUYXEXPUIEVOU LOLOUATOG TEOYRUUUATIONOU.

Y1 YAGooa mou mpoTelvouue, 0 TEOYRPAUUATIOTHS Teodtaypdgpet T uepxy opbétnta Tou
TpoYpdUUATOS, divovTag Tpoouvirixes xal UETAOUVOTXES YLd TIG TUPAUETEOUS XL TA OTOTEAE-
oupata TV cuvapThoewy Tou opilel. Emlong divel éva ovvolo Bewprudtwy Pdoet Tou omolou
xataoxevdlovtar anodelelg g opbfc LAomoinomng xaL yeHong TV cuVAETHCEWY aUTGY. £)g
uépog e epyaoctag, éyouue vhonowjoet og Yhdooa OCaml éva yetappaoth autic g YAGOGIg
670 60T TLoTOTOLNUEVWY exTEAéouwy NFLINT.

Emtdyaue vo Swatnproovue 0 YAGooo xovid 610 U9og TV eupéws dladedouéveny ou-
VARTNOLIXOY YAWOGHY, xabde oL va Slayweloovue T ¢Aon TRPOYEAUUATIONOY and T PdoT)
anddeling e opbétntac Ty npoypauudtony. Etol évac uéoog npoypaupoatiothg unopet ei-
XOAoL VoL TpoYpapuaTiCel 0T YAGDOOoA TOU TROTELVOUUE UE TOV TpdTo Tou NON Yvwellet, xou évog
Yvootng palinuoatumc hoyuaic vo arodetxvietl oe enduevy gdon tny yepwr ophdtnta TV npo-
Yoauudtov. ¢ anddelln e mpaxTxdTTAg TG TEooEyYLong authg, Tapabétouue éva odvolo
TAPAdELYUATOY 0T YAOGoA Ye anddelln uepuc ophdtntag.

AéCeic xhedLd

I\éooeg npoypaupatiopol, Hpoypaupatiouds ue anodeielg, Aogarelc YAOOOES TROYPUUUO-
TopoY, Ilietonownuévog xdduxag






Abstract

The purpose of this diploma dissertation is on one hand the design of a simple high-level
language that supports programming with proofs, and on the other hand the implementation
of a compiler for this language. This compiler will produce code for an intermediate-level
language suitable for creating certified binaries.

The need for reliable and certifiably secure code is even more pressing today than it was
in the past. In many cases, security and software compatibility issues put in danger the
operation of large systems, with substantial financial consequences. The lack of a formal way
of specifying and proving the correctness of programs that characterizes current programming
languages is one of the main reasons why these issues exist. In order to address this problem, a
number of frameworks with support for certified binaries have recently been proposed. These
frameworks offer the possibility of specifying and providing a formal proof of the correctness
of programs. Such a proof can easily be checked for validity before running the program.

The frameworks that have been proposed are intermediate-level in nature, thus the pro-
cess of programming in these is rather cumbersome. The high-level languages that accompany
some of these frameworks, while very expressive, are hard to use. A simpler high-level lan-
guage, like the one proposed in this dissertation, would enable further use of this programming
idiom.

In the language we propose, the programmer specifies the partial correctness of a program
by annotating function definitions with pre- and post-conditions that must hold for their pa-
rameters and results. The programmer also provides a set of theorems, based on which proofs
of the proper implementation and use of the functions are constructed. An implementation
in OCaml of a compiler from this language to the NFLINT certified binaries framework was
also completed as part of this dissertation.

We managed to keep the language close to the feel of the current widespread functional
languages, and also to fully separate the programming stage from the correctness-proving
stage. Thus an average programmer can program in a familiar way in our language, and
later an expert on formal logic can prove the semi-correctness of a program. As evidence of
the practicality of our design, we provide a number of examples in our language with full
semi-correctness proofs.

Key words

Programming languages, Programming with proofs, Secure programming languages, Certified
code






Evyapiotieg

Kat’apyds Oa Heka va evyaptothow tov emBAénovta xalnynt g Simhwuatixig you xo. Ni-
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Kegdhato 1

Evcaywyi

1.1 X¥xonég tng epyaciog

Yxomode g napovoag epyactiag elvar agevdg N oyedlaon ulag anhic yhdooog vpnios emnédou
%xa00poY GUVAETNOLAXOY TPOYPAUUATIONOY UE UTOOTHELEN VLo TpoYpduuaTions ue anodel&elg,
xaL ageTEPOU 1 LAOTOINGY EVOC UETAYAOTTIOTH Yl TN YADOow outh Tou Oo mapdyel xodSuxa
v pio YAGooo ev3Lduecou emnédon xatdAANAY yio dnutovpyia TLOTOTONUEVGDY EXTEAEGLUWY.

Me tov bpo mpoypauuatiouds ue anodeileic, evvoolue otn ouyxexpuuévn epyaoto v 8-
uovpyla xOSuxa tov nepthaufBdvel pla teptypapn HEGK AOYIXGY TPOTAGEWY TwV cuVINXGOY YL
™ pepwh opbBdtnTa autod, dnhady ula mpodiayoapr v Tov xd3uxa, xabidg xar XATEAANAWY
Bonlntdy otolyelny Hote va elvar duvath 1 dnuovpyia plag TAfeoug Aoyumg anddeléng ng
oy vog Ty xaboplouévey ouvinxdy. §d¢ motomoiguévo exteAéoo opilovue éva exteAéoyuo
TpoYpaUUd, TOU cuvodeletol and €va aUvolo WLoTHTwY xabde xat Ty TAHen anddelln twy
Wrothtwy autdyv. Enouéves, €dv tauticovue 10 6Yvoro WBLOTATWY UE TIC TPOodlaypapeés Tou
apy ol TREOYEAUUATOS, TO TLoTOTOMUEVO eXTEAEOLUO TOL UTtopel va mpoxUet and pla yYAdooo
Tov unoatNellel Tov TpoypauuaTioud ue anodeiiels, o nepthauPdvel, népa and tov exTEAéGLUO
%3, 1660 Y TepLypaph 660 oL TNV anddeldn g Ueptniic ophdtnTag Tou xdda auToU.
Etot npwy and tny extéheon tou xddxa, unopel va Slamoteniel ye unyaviotixd xal anodotixd
TeéTo N uepwy opBdnTa autoU.

H éugaon oty oyxedlaon g yAdooag vdnrod emnédou divetar otny euypenotio xal QLAxo-
TNTA TEOG TOV UEGO TEOYPAUMATLOTY, TARE GTNY EXPEACTLXT SUVATOHTNTA TNS YADGOS. Mxomdg
elvar 1 YAGooo va elvar 660 To SUYATOHV TLO XOVTA OTIG UTAEYOVOESG CUVIRTHOWIXES YADOOES,
ME EVXOAN XATAVONTEG EMEXTAGELS YLOL TNV EVOWUATMOY TWV TROSLAYRAPHOY TOU XGOIxd Uéou
o€ aUTOVY, %ol Ta oTovyela mou TEENEL va BMOEL 0 MEOYPAUUATIOTAS Yol TNV Sadixacla NG
TAPAYOYNS TwV ATOSEEEDY TwY TEodlaypap®dy va elvat ta eNdytota Suvatd.

1.2 TIopaxivnor yio tnv epyoocia

Y1n onuepLvy emoy N, N avdyxn yia aLOTLOTO XoL TLOTOTOLNUEVA ATQAUAT XD YiveTal Stopxde
eupltepa avTthnnth. Tdoo xatd 1o napehbbv 660 xar mpdogata €xouv Yivel YVwoTd TpofBid-
MOTOL AOPAAELAG XAl CUPPBATOTNTUC TPOYRAUUATWY Tou elyay ¢ artotéhecua npoBAjuata 6Ty
Aettoupylo UEYEAWY CUGTNUATKY XL GUVETASC OLXOVOULXES ETUTTOOELS GTOUS OPYAVLGUOYE ToU
TO YPNOLLOTOLOVGUY.

H évvola g aopdhetag sivar alAniévdetn ue v évvola g opbBdtntag Tou xdduxa, ool
xO3xag mou elvar 0pldc Bdoel evog xatdAANAa 0pLouévoy GUYONOY ETLTEETTHY AELTOLEYLRY,
dev umopel va exteléoet Aettoupyieg mou Sev elvan aopadeic. o mtopddetyua, n Afdn otovyelov
and nivaxa elvon éva Tumxd napddetyua avacpahols hettovpyiag, dLdTL undpyel N ThavoTn T
va {nteltat otouyeto pe Selxtn yeyaritepo and to péyebog tou nivaxa. Edv n povadix otol-
XELOONG Aettoupyla yior T A otolyelou and nivaxa uropel va exteheotel udvov edv o delxtng
Tou otolyelov mou {ntelton elvar uixpdtepog and to uéyefog Tou mivaxa, téte Evar TuHua ophod
@3 Oa elvo xar aoparéc wg mpog auth TN Asttoupyla, agol 1 mbavénTa Yo avaoQaAt
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Aettovpyla anoxieletal.

Mrnogodye va Solue tov xO3xa o ula ouuBatiny YAGOoU TpoYRaUUATION0) wE Vo 6U-
voho and uxed aveldptnta tufuata (ouvaptioels, xhdoelg, ouvlethuata, x.AT.), Ta onola
ouvepydlovtan uetall toug Uéon SLampoawneldy 1ov 0pllouy 10 TpwTdxoAlo Stadettovpylag.
H onuaociohoyia autdy twv tunudteny xabopiletor ouvifing ue dtuno tpémo xou £Tol dev umno-
eel va Stamiotwlel pe wdmora unyaviotixy Stadixacta edv yivetar ophn yeon autdy xar xatd
OGOV aUTd cUUPKVOLY e Ty emBuunty onpactoloyia. Kou ta d%o Héuata autd evandxetvton
OTOV EXAOTOTE TRPOYPAUUATLOTY.

Enouévog €dv pall e ta aveddptnta tufuata divouue ue xdnolov t1pémo uta mpodioypopt
e oplfc yehone xoL Twy emtBuuNTOY ATOTEAECUATOY TOUS XoL €AY UTdEYEL uia unyavioTx
draduxacio Tou moTonotel HTL xot To TUAUATA AUTE elvat GUUQWVL UE TNV TEOdLaypapT TOUG Mot
61U M xenon Toug yivetal oUUPOYA UE TG TROSLAYPAPES AUTES, £YOUNE ETLTYYEL TNV EVVOLA TOU
aopaAoUg xGdxa. MaAoTa undpyouy §81N YAOGGES TEOYPOUUUATIOUOU TOU EVOOUATHOVOUY AUTH
™y WE, UE TN HopYT| Tou ‘oyediacuol ue ovufdiaia’ (design by contract), tou nepthauBdvet
TLg £VVOLEC TWV RO~ XL UETA-CUVINXGY TNV *AHOT GUVIPTAGE®Y, TWV AVAANOLWTWY GUVENXDY
Bedywv xoL TV Tomxdy PeTaAnTtdy, xol dhieg. H mo dwudedouévn and tic yAdooeg autég
etvar 0 Eiffel. To apvntind Twv yYA®Go®Y auTt@dy elvat 6TL 0 EAeYy0g ToVY Tpodtaypapdy yiveTal
XATE TO YEOVO eXTENEONS, UE AMOTEAEOUO VA UTHEYEL ONUAVTIXG X60TOG GTNY Andd300T, TOU
TEAX0U EXTENEOLUOU HOOLXA.

Béoel npbogatng épeuvag mpoxVntel, 61t av xal anotelel apxetd PLA6d0&o oyédio, unde-
YL plo evahhoxtiny) mpocéyyion yia ) Adomn Tou ouyxexpluévou TpofAfuatog, n omola dev
éxet xaula apvnTey enintwon oty anddoon tou TeAxol extehéouon xOdxa. Auth elvon 1)
TPOGEYYLON TOU 0VOUALOUUE TROYRUUUATIONOS Ue amodeliels. Juyxexpuéva, €xouv tpoxijet
pla mAedda and tuno-Oewentind yevixd mhalola, ye T Yenon Twv omolwv ylvetow duvath 7
OVATARAOTAOY UE TUTIXO TEOTO TOAGTAOXWY TEOTAcEWY XL TV anodelledy toug oe YAHo-
oeg younhol emnédou (evddueoes 1 cuMBOAXES) UE LoyLEd ouoTHUATH TOTKY. e Wia TéEToLd
YAOoow, éva apyelo moTomouévou xdduxa eivar amhd éva Tpdypauud, Tou onolou o Tinog
TAPEYEL Wit oLUANOYY amd WLOTNTEC Tou To TEdypauuo xavorolel. O eheyxtic TONWY NG
YADOOUG UTOPEl GTATING Kot OYETLXE EVXOAX Vo AmOXELVETAL YLo TO av €va dedouévo apyelo
elvat ouveméc xa, oty TeplnTwon Tou elval, To TEOYPANUA UTOPElL €V oUVEYELX Vo EXTEAETTEL
ywelc emmiéov emBdpuvor otny andédoon. ‘Eva and ta yevixd mhatowa autd elvar to FLINT
(BX. Shao et al. (2002)), xabds xow n napalhayh tou NFLINT nov éyet avantuyfel oto Ep-
yaothpto Teyvoroylag Aoyiouwol tou EMIL Ye o¥vdeon ue ta napandvew, oL mpodiaypapég
UTopolV Vo 0pleTOVY WG GUVORO AOYIXGY TEOTACEWY Vg TéTolou Thatalou, evid 1 anddelln
e Thenone e meodtaypapnc meénel va divetar pall e to npdypauuo. H motonoinen tng
de, xat Gpa N motonoinen g ophdtntag Tou mpoyeduuatog, elvar wlo unyaviotiy Stadixacia
Tou Jev emBapUVEL TO YPOVO EXTENEGNS TOU TROYRAUUATOS.

H nopaxivnon yio ) ovyxexpuévn epyaotia elvor vo eEeTAGOVUE TNV TROGEYYLON AUTH
yioo T dnptovpylo moTtonotnuéva ophol xdduxa. Mag evdiapépet va Siepeuvioouue xatd mo-
cov elvat duvatdy va oyediaotel ylo YAGooo mou eved elval xovtd oty ouviin tpaxTtixy tou
TEOYPUUUATLONOU oL BEV avayxdleL TOV TROYPAUUATIOTH Vo aoyoheltar e v SGoxoln Sia-
duxaota g anddelENg TUTXGY TEOTAGEWY, YA €XEL TN SUVATOTNTA VO TALEYEL TLGTOTOLNUEVO
xOOxa yra éva olotnua 6nwg to NFLINT, odugwvo ue tig npodiaypapéc mou divovra.

1.3 3Xdvodmn tng epyaociog
H Bou? tov xegaralov tou axolouboly elvar n e&hg:

Kegdhowo 2. Yto xepdhato autd nopovatdlovtal Sidpopes YAdoaoeg mou €youy 1d1 mpotabet
xot UTooTNEIloLY TOV TEOYPAUUATIONS Ue amodelielg.

Kegdhawo 3. Xto xepdhao autd mopovodletar n yhdooa mou oyedidoaue, divetar 1 ob-
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vtadr g, xat nopéyovral napadelypota. Emionuaivovue diagopés ue g YAdooeg Tou
TONYOUUEVOU XEPahalou.

Kepdahowo 4. Yto xepdhato autd divovtat ol xavéveg TOnwy g YAdooag xafde xat 1 onuo-
olohoylo TNG.

Kegdhawo 5. ESG mapovotdlovue v YAdooa tOmwy xabde xar Ty YAGGGH UTOAOYLOUGY
¢ evdidueons Yhodooog NFLINT yia miotonomuéva exteléorya.

Kegdhowo 6. Edd opilouue ) Swadixacio uetdgppaong and tny upniod emnédov yYAdooo otny
evdidueon yAdooa NFLINT, xafde xat tov 1p6m0 mou Aeltovpyel 1o uTocUGTHUA TAQEO-
Yoyhs anodeléewy mou yenowonoteltat xatd T dtadixacio UETAPpAoNS.

Kegdhawo 7. Luunepdopata mou TeoxinTouy and v gpyaoctio ot xateubdvoelg yio uelho-
v €peuva.
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Kegdhaio 2

ITpoypappatiowds pe anodeléelg

Y10 xe@dhato autéd O yiver pioa avaoxdémnon oc xdmoleg Undpyouoeg YAMooeg uPnhod em-
médou mou urnoosteilouv mpoypoupatioud e arodeiletc. H mapoucioon twv yYAwoodv eivor
TepANTTLXY xaL unofétouue 6TL 0 AVAYVOGTNG EYEL YVAOOT TOV EVVOLGBY TOU GUVAETNGLAXOY
TEOYPAUUATLONOU, TpoTudTEp Uéoa and Tig YAwooeg Haskell xow ML.

ITpwv Tpoywenoouue oty Tapouciaoy TV YAwoo®y Ha xdvouue ula ewoaywyh oty évvola
TV eEopTdUEVLY THnwy (dependent types), Stott elvat Baoxr| Yo Ty xaTavonon Ty YAWeodY
auTAY o dev ebvar eupéng dtadedouévr oTig GUVIPTNHOLAXES YAGGGES Tou Peploxovtat oe yehion.

2.1 E&oaptduevor tOTOL

H évvola tou mohuuopgrouot eival eupéwg Stadedouévn 1660 GTIG GUVAETNOLUXES 660 XAl OTLS
avixelevootpageic YAdooeg. Mia mtolupoppuxt| Shhwon tinou dedouévwy 1 cuvdetnong ent-
TEémeL TNV Xphon TN yia moAlanAoug tomoug dedouévwy. ‘Etot, elvar duvatdv va oploouue,
Yo TaEdSeLyuo, UOVoV €va TUTo SESOUEVKDY Yo TG AOTES XAl WOVO Ul Qopd TG GTOLYELODELS
TRAEELS YLl AUTES, XAL VOL YPNOLLOTIOLCOUUE TLg INAMGELS aUTES Yo AloTeg xdbe Tomou — AloTeg
axepatwy, Aoteg yopaxthpwy, AMotec and Aoteg axepalny, %.0.x. MTLC AVILXELUEVOOTRAPELS
YhGooeg auth n Suvatdtnta eugaviletar ue ) pop@n tov templates (C++4) xow twv generics
(Java, C#).

Mia tétota Tohupoppua) SHAmon Tinou deSOUEVKDY TARAYEL EVAY XATACHEUAGTY TUTWY, TOU
dedouévey TV TapauéTewY TUTWY XATaoXELALEL Eva oLUYXEXPLEVO THTO dedouévey Tng YADO-
oag. 'Eyouvue étot éva otoyelo tou emnédon 1wy tinwy (tov xataoxevaoth)) nov edaptdTa
ané tinouvg. H e€dptnon timov and tinoug elvon emouéve ula yvwoth évvora. H évvola tov
eCaptiduevwy Tinwy (dependent types) eivor 0 enéxtaon avtic g edptnong, GOTE va emt-
teédouvue e€dptnon tinou and dpoug g YAOoGas. Etol unopolue va €YOUUE XATAGKEVUOTES
TOTWY oL SEYOVTAL WG TAPAUETEO TWES TNG EXAOTOTE YAWDOGAC.

Yty meplntworn auth TpoxUnTel €va GUCTNUA TUTWY UE UEYAAT exppacTixy duvatdtnTa,
xuplwe eneldy) unopolue va dnutovpyioouue mold mo “exhentuouévous” tomous. Mropolue
v Topddetypo vao oploouue TOmoug Yol AloTeg axepalwy ouyxexpuévou unxoug, 1 Eexwet-
o7100¢ Tinoug axepalwy yia xdle axépalo aptiud — xat €tol va Swayweloovue ato eninedo Twv
ey 8o axépaieg otabepéc. H exhéntuvon twv Tinwy elvar Suvath xot Yo TG GUVRETHOELS:
vl mopddetypa pio ouvdptnon umopel vo déyeTal ¢ mapdueteo ulo Alota ufxoug v xou ylo
AMota uixoug i xou va emoteégel wg anotéheoua ula Alota phxoug v + p. ‘Evag tétolog
TOmog ouvdptnong Ou HTay xatdAAniog Yo 1 cUVAETNOT CUVEVWONS U0 ALOTGY, xot UAAOTA
xaAitepog (mo Aemtopephc) and To ouvnbiouévo THTO NG CUYXEXPLWEVNS CUVEETHONS.

Emtpénovtag v e€dptnomn timey and Tyég T EXAOTOTE YAOOOUS TROYRUUUIATIONO0U adta-
xpltwg, mpoxvnTel éva onuavTtind TeoBAnua: o éAeY )0 THTKY TNG YABOGUS TROYQUUUATLIONOU
maveL va elvan anoxplowo nedBinua. Autéd elvar guowd emaxdiovlo Tou yeyovétog 6TL 0T
yvevu meplntwon N anotiunoy utag éxgpaong ulag utoroytoTixd TAHpous YAOGGag dev eival
anagaitnto vo tepuatiCel. 'Etol, xatd tov éAeyyo tinwy, 6tay npoxdel analtnorn todtntag
petalV d%o timwy, edv avtol eaptdviol and exppdocig, autég mpénet va anoTunfoly TAewg
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yia vo eheyyfodv wg mpog Ty todtnTa — xaL ) anotiunon auth unopel vo unv tepuatilet.

Y1ig YAdooeg nov fa dolue nopaxdte ol e&aptduevol TimoL £youy Baoixd pbho. Xe xdmoleg
and auTég TO TMEOPBANUN TNG UN ATOXELOWOTNHTAG TOU EAEYYOU TUMWY E€YEL AVTLUETWTLOTEL UE
Tedémoug mou fHa Sodue xatd TV tapovsiaon tng xdfe YAdooug.

2.2 Cayenne

H Cayenne €yet avantuybel ané tov Lennart Augustsson oto Chalmers University of Tech-
nology oto Goteborg e Xoundlog [Augu98]. Eivor pia xaboph ouvapmoioxh yAdooo mou
vnootnellel e€aptduevoug timous. Emedn emttpénetar adidxprtn ypnon by e YAOGGoAS
670 eniNEdO TWV TUTWY, 0 EAEYY0g TUTWY TNG YAGOOAS elvat OTwg avauévouue, un anoxplown
draduxacto.

H Cayenne eivar toAd xovtd otny Haskell. Ou ténol anotehodv avtietyeva npdtng tdng,
dnhady ov timol unopody va yenowonomboldyv g twés. Aev undpyet didxplon HeTAl) TOTKY
XL TLUAY 6T0 GUVTAXTIXG ETUTESO NG YAMOOUS, XAl £€TOL 0 YELPLOUOS TWV TUHTOY Xl TOY TULGOY
elvar o (8Log: ypnowwonoteital xoL 0TS 300 MEQITTMOELS 1) AVAdPOUH X0l TO TAlpLICUX TEOTUTWY
(pattern matching). O tdnog Twy Tinwy cvuBoliletar wg “#”.

Ou tdnoL g Cayenne eivar apxetd ex@paoTixol GOTE VoL UTOROVUE VO XWILXOTOLGOUUE
TPOTAOELS TNG XATACHEVAOTUIHS HATNYORTATLXAS AOYLXME KE TUTOUS TNS YADOOUS, UEGK TOY
woopopgiopoy Curry-Howard. Ernlong évag épog tng yYAGGoAG Ue €vay GUYXEXPLUEVO TUTO,
elvor xwduonolnon e hoyurg anddeléng g tpdtaong otny onola auTdg 0 TONOG AVTLOTOLYEL.
O wopopgropde autdg, dnhadh 1 tooduvaula uetall TOTOY Xat AoyYdY TEoTAcEwY, xabdg
xoL 6pwv xal anodellewy, elvar €va EUPEMS YVWOTO YEVIXO ATOTEAEOUA YLo TG YAMOGOES UE
eCaptiduevoug Tomoug. Ag dodue mdg auth N xwdwxonolnon eivar duvaty otnv Cayenne.

H névto aknbfc npbdraon (otabepd T) xwduxonoteitar wg onotoodinote tinog éxet ubvo
€vay xataoxevaoth ywplc napapétpous. To hoyxd napddolo (otabepd L) xwdixonoteltar we
évog xevég tinog (ombte dev umopolv va Snutovpynbodv bpol ye tino to Aoywéd napddolo —
dev undpyet anddelln evég nopaddlou oe ula ouvernd hoyixd). H hoyui odleudn avanaplotoaro
s 0 tinog twv Leuydy (tinog ywouévou), evéd n Aoy didleuin we tinog alpolopatos —
dnhadn €vac tinog mou unopel va xataoxevactel and otoiyela xafevég and dvo timoug. H
Aoywh, ouvenaywyh “A ouvendyetar B” (A — B) avanapiotator wg tdnog cuvdptnons ond
Tov TUTO Tou avtoTolyel 6to A mpog tov TUmo mou avtiotolyel ato B. H Ahoyua) devnon
Tou A 0TV XOTAOKEVASTIXH Aoyux) elvar toodivaun ue ) Aoy ouvemaywyy A — L. O
xafohixds TooodelnTng avanaploTaTal K¢ TUHTOS ELAPTAOUEVNS GUYAETNONS, 6oV O TUTOG TOY
anoteAéopatog Tng ouvdptnong eloptdtar and tov Tino tou oplouatog authg. llapduowa o
unapdtaxds nocodeixtng avanaplotator we tOnog Loyupol afpolopatoc (strong-sum type),
o omolog ypnowonoteltar yio T eyypagéc (records) tng yhdooog, xar emtpénel eZdpTnon
Tou TUTOY £vHg oTolyelou NG eYypapnc and Tov TUmo mponyouuévey otolyelwy avthg. H
xwdxonolnon avth gaivetal 6to oyfua 2.1.

Béoel autdv etvor gavepd 6tL 1 Cayenne €yet £vo 6UOTNUA TUTOY APXETE EXPPAOTING BOTE
VOL AVOTAROGTHOOVUE AOYIXES TPOTAOELS x0OGE XAl TLg anodelelg auTdy Uéoa 61N YAGOoW, XdTL
TOU TNV XAVEL XATAAANAY Yo Tpoypouuatioud ue anodelelg. Mnopolue étol yio tapddetyua vo
optoovue 10 xatnydenua UEYAADTERO-LOO Yia axépatoug apLtols, Xdl Vo T0 XeNOLULOTOLGOUUE
(GOTE VO ATOLTACOVUE Wiol axépond THEAUETEO WLOG CUVEETNONG Vo elval ueyaAvTepy and ula
axépata otabepd:

example :: (x :: Int) -> (GreaterThan x 0) -> Int

H nopduetpog tomov GreaterThan x 0 Oa eivor ovolaotind ula anddeldy e toydog ng
ouviRung auThc.

Evé n Cayenne umopel va yenowwonownfel yio npoypaupotioud ue omodelletg, xplvetat
OO TIAANAY Yot auTd To 6%0Td Yo Toug e€Xg AOYoug: xaT apyds o €heyyog TUmwY elvol un
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Yrobétouue toug oplouolc THTWY:
data Truth = truth
data Absurd =
data Either x y = Left x | Right y
data Pair x y = MkPair x y

Katnyopnuatixd hoyuej | Tonog Cayenne

T Truth

L Absurd

xVy Either x y

AT Pair x y

- x —> Absurd
r—y X =>y

Vo € A.P(x) (x =+ A) > P(x)
dx € A.P(x) {x oA, y 2P}

YyHua 2.1: Kwduwonoinon tneg xatnyopnuatiis Aoyumig wg tinot Cayenne.

anoxplowog, ondte 1 Swadixacia g YeTayAdTTIONS Unopel v uny tepuatiletal. Kotd dev-
TEQOV O TEOYPUUUATIOTAS TEEMEL VoL XATAOXEVALEL TAHpwS TOug Gpoug Twv anodellewy, xdTt
nou elvon Waltepa ToAUThoxo otig neploadtepeg teptntdoels. Teiltov ol anodellelg elvar Tu-
MEC TNG YADOOUG EMOUEVKG 1) XATAOKEVY oL YeNon Toug uéoa oTig ouvapthoeg emPaplvel
NV and3007 TOU TEAXOU TPOYRAUUATOS 6T0 Yedvo extéheons. Tao yapaxtnolotixd autd etval
OUVETAYOUEVA TOU YEYOVOTOG OTL 0 TpoYpauuatiouds ue anodeilelg dev ftav évag and toug
OYEJAGTINOVG GTOYOUG TNG CUYXEXPUIEVNS YAGBOOUS, aANE puoxd enaxdiovlio Tng utoothpl-
&ng v e€opTMOUEYOUS TUTOUC.

2.3 QOmega

H Qmega eivar pla ocuvaptnoloxy) yYhdooo tou anotelel enéxtaon g Haskell, ye v e&ai-
peor, 6Tl dev unootneilel, émwe n Haskell, to olotnua xhdoewv. ‘Eyxer avantuyfel and tov
Tim Sheard [Shea05a, Shea05b, Shea04]. E3¢& Oo eZetdoovue uOVOV To YAPAXTNELOTIXG TNG
YAGOooug Tou oYEToVTAL UE TOV TROYPAUUATIONS He amodeilelg, xat Oyt dhha evdiapépovta
YAPAXTNELOTLXE TNG, OTKGS VLot TAEddeLypa TNy LTOOTHELEY YLol TOANATAG GTAdLY UETAPEAOTC.

H npdtn enéxtaon mou ewodyet v dmega avapépetol g enextdoiuo olotnua e1déy. Ye ulo
ouvaptnoaxh YAdooo, ot dpot (ot Téc) e YAGooas xatnyoptonotodvial and tomoug. Ot
tonoL xatnyopronotodvta and ta e{dn (kinds). Yndpyet éva npoxafopiouévo eldog, mou elvar
10 eldog TV Ny g YAGooas. Xty Qmega 1o ldog autd ouufoliletar wg %0, Gpa yio
Tapdderypa o tHmog Ty axcpainv éyel eidog *0 (Int : x0). H yAdooa vrmootnpilel pio dreipn
Lepapytal TETOLWY XATNYOpLOTOMRGE®Y, €TOL Ue TN oelpd Tou To eidog *¥ xatnyoplonoeiton ané
10 *! x0.x. H enextaoyédyra tou cuothuatog edéy otny Qmega onuaiver 611 unopet o
TEOYPAUUATLOTHS Va oploel dixd tou £id7, mou Ba Beloxovial £tol oo (o eninedo ue 1o €ldog
TRV TTEY ¢ YAGGoag — O xatnyopionowotvial dnhadh anéd to xL. Ta eidn avtd opilovtar
TopbuoLa Ue Toug avadpoutxols Tinwy dedouévwy. Ot xataoxevaostés mou opilovtal elvor xon
avtol tonol (ue eidn Stagpopetind tou x¥). Entone undpyet utootAplEn Yo 0pLoUd GUVHPTHGEWY
ot0 eninedo twv TNy, Oplloviar mapduola Ue TG XAVOVIXES OUVAPTHOELS TNE YADOOWC,
dnhadn ue yefon avadpoung oL TaLpLdoUATOS TEOTUTKY, AAAG Ol GUVALTAGELS AUTEG TRENEL VA
elvar mAfpets (total).

H dedtepn enéxtaon mov ewodyet n dmega elvan o yevixeuuévor adyefpixol tinot dedoué-
vy (Generalized Algebraic Datatypes - GADTs), ou onolot éyouv ula hentd| Stagpopd o oyéon
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ue Toug ahyePeixois THmoug dedouévwy mov unoatnellovial and yAdooeg 6nwg 1 Haskell xat
n ML. H Swagopd elvor 6tL 6tav oL akyefpuxol tinol dedouévmy elval moAupopguxol kg tpog
TOPAUETPO TUTOU, TOTE OAOL Ol XATUOXEVACTES TOU TUTOU TOEdYOUV GTLYMOTUTOL TOU TUTOU
mou opllovtal Ue Tig (Bleg TapaUéTEoug, EVE oL YEVIXEUUEVOL, avatpoly auTHY TOV TEQLOPLOUO.
Ye ouvduaoud UE To YEYOVOS OTL UTOPOUUE Vo €Youde ToAuuoppixols Timoug ue egdptnom
ané tomoug pe eidog Sapopetind Tou *U, mpoxtntel 611 oTNY Qmega éyoupe unooThELEN Yio
eZoptduevous timoug (e Tov unyavioud tev singleton tinwv tou Ba dodue napaxdto), yw-
elc dume va éyouvue egdptnon tinou and 6po g yAdooag. Eyouvue uévo egdptnon tinou
ané T0mo, aAAd TA YUEAXTNELOTIXGE Tou Teptypdaue €ng €36 apxody yia va €yovue Vv Bla
EXPPACTIXOTNTA UE EVA XAVOVLXS oloTnUa EEUpTOUEVLDY TUTKY. Emmniéov, emtuyydvouue va
dLATNEHOOVUE TNV ATOXELOLOTATA TOU eAEyyou TUTWY, SLOTL 1) Stadixacia anotiunong exged-
oewy 0710 eninedo Twv THMWY NS YAGoous tepuatilel tdvta, apol xel anoxielotel n nepintwon
TWV CUVAPETACEWY OTO eSO TwV THNMWY Tou dev Tepuati{ouy yia xdnoleg etobdoug. Ilapbuota
TPOCEYYLOT] YPNOLUOTOLELTAL OTLG TEPLOCOTERES YADOOES OV ELVUL XATAAANAES LA TROY QUM
Twoud e anodeléels.

Oa dodue Topa ThG AUTE ToL YopaxTNeloTixd TNg {dmega unopolv va yenouwonoinfolv
vl vo €yovue anddelln tng uepwnc opbdtnroag tou xddxa, yéoa and mopadelyupata. I
v vnooTipln e€apTOUEVLY TOTWY HE TN ouYXeXpévn TpocéyyLor, elvar Baowu 1 évvola
Ty singleton tinwy (tinot povadialou otiyptotinov). Aedouévne ulag tiufc 6To eninedo twv
TWAY, BENOVUE GUY VA Vo WAGUE VLot TNV TLH oUTYH 6TO eTinedo Twv Tomwy. o topddetypa, yio
VO AL THOOVKE 0 (it GUVEETNON 1) TLY (log AXEQPALUG TUEAMETEOU TNS VA ELVOL UEYAAUTEET) TOV
undevée, mpénel Vo EXPEAcOLUE 6ToV TUTO TS ouvdpong (dnhadh oto eninedo twv TinwWY)
MY AVGOTIXY oYéom, oL o1y oyéon auty, Ypetalduaote Wlo avamapdoTtaoy g TWhS TNg
TopauéTeou oTo eninedo Twv tinwy. Etol ula cuvAing mpaxti) elvar va opilouue éva tedio
6mws oL puowxol apliuol 1600 oto eninedo twv TWdY (ue oploud evéc GADT), doo xau oTo
eninedo Twv tOmey (e avadpouxd opioud evdg xawvodprou eldoug). O€houue va uTdpyeL
ovvdean Yetalld Ty Yo emmédmwy, xat v auTtéd opllovue Toug Quoxolg aptiuoic oto eninedo
TOV TWOV 0 eapTduevoug and guolxols aptbuoic oto eninedo twv tonwyv. H xoatavénon
elvar euxohdtepn uéow mapadelypatog, BA. oyxfua 2.2.

kind Nat =
TypeZero
| TypeSucc of Nat

data SNat :: Nat "> *0 where
ValueZero :: SNat TypeZero
ValueSucc :: SNat x -> SNat (TypeSucc x)

Eyfua 2.2: Oploude singleton témou puoxdy aptbudy otny (dmega.

Yto mopdderyua autd, 1o oVuBolo T> elval 0 XATAGHEVAOTAS CUVAETACEWY 0TO eninedo
TV B8OV, eV T0 oUUPBoAo —> elval 0 XATOUOXEVAGTAS CUVIPTHCEWY OTO EMINESO TWV THTWLY
e YAGOOUS.

Mrnogoiye enlong va oploovue ) oyéon “<” wg évay t0mo mou eoptdtal and dvo Quaot-
x00¢ apthuoic Tou emmédou twv TinwY xow €yel w¢ xataoxevaotés To adlduata TS oxéong
uxpbdtepo-too: V.0 < v xou Vv, p.n < m — (Succ n) < (Succ m). Evag 6poc pe tino a <
Oa elvar ovolaoTind anddeldy g npdtaong autig, agol Ou sivar pia xatdAAnin obvieon Twy
AELWUATOY NG OYEOTS BOTE Vo TEOXUTTEL TEAXXE 0 ouyxexpévog tUnog. 'Etou ouvavtdue
xal AL tov toopopploud Curry-Howard. Aedouévne tne oyéone uixpdtepo-ioo, unopolue
VO amotTACOVUE Ulo axépata TapdUETEOS Ula oUVAETNHONG Vo elval Uxpdtepn-ton uag GAAng
axépatag TG, AmoLtdvTag Wwlo xatdAAnAy anddelln tng toydog g oyéong avtic. Ouolwg
UTopOoVUE Vo SLfefatdGoVUE GTL 1) GUVAETNON ETLOTEEPEL AXEPULO ULXEOTERO-LGO [l axépatag
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Tnig, mapéyovtag wlo anddelén ue tov aviiotolyo tomo. Mto oynfua 2.3 galvetal éva TETOLO
Topddetyua, wall ue Tov opltoud g oxéong uxpdtepo-ioo.

—— opLopdc NG oxéong MLupdTeEpOo-(oo MeTAED QuUOLHOY
data LessEqual :: Nat "> Nat "> *0 where
LeBase :: LessEqual TypeZero x
LeStep :: LessEqual x y -> LessEqual (TypeSucc x) (TypeSucc y)

-- mopddeLypa: amddetin 6tL 1 pixpdtEpOo (oo Tou 2
le_1_2 :: LessEqual (TypeSucc (TypeZero)) (TypeSucc (TypeSucc (TypeZero)))
le_1_2 = LeStep (LeBase)

—-- t0mog Covert: yia va xpUPouue To SpLopa evég eEAPTAMEVOU
-- tomou. OucLaoTLHE TO YPNOLMOTOLOUME OTNV EMOUEVT oLVAPTNON
—-- otov TUmo emLoTPopnc, avtl yia vmap&Land TOTMO, Aol dev
—= MUMOPOUHE OTO ETITMEDO TV TUTMOV VO KVUTOPACTY|COUME TO
—= AMOTEAEOMA TNG OUVEPTNONG.
data Covert :: (Nat "> *0) "> *0 where

Hide :: (t x) -> Covert t

—= ouvdptnorn mponyoUpevou : agatpel 1 amd To SpiLopa, aAAd analTtel TO
-- SpLopo va elval peyYaAOTEpPO TOu PNdEVES

pred :: SNat n -> (LessEqual (TypeSucc TypeZero) n) -> Covert SNat
-- pred ValueZero prf = addvatov, dtdtL dev umopel va umatacuevaotel
-- 6pog pe tono (LessEqual (TypeSucc TypeZero) (TypeZero))

pred (ValueSucc x) prf = x

Syfua 2.3: Toapdderyua optouot xou yefong tng oyéong uwxpdtepo-ico otny (2mega.

Béoer autdv elvon gavepd 6t Qmega unopel va ypnoworowmbel yia TpoypapUaTioud ue
anodelerg. Ou anodetéelg dnwe napatneolue elval 670 eninedo TwY TLWAOY, OTETE 1) XATAGKEVY
xaL petayelplo Toug emBaplvel TV anddoor extéleong tou mpoyedupatog. Emewdh Sev em-
tpéneton e&dptnon eldoug and eldog (Und ) wopPh, Yo Tapddetypa, TONULOPPLXGOY SNADOEWY
eWdv), dev unopolue va anopiyouue x4t tétowo, opllovtag tic hoyués oyéoeis/npotdoeg
610G TO UpbTEPO-ioo U xatnyopLonoinan *1 (onéte oL bpol Twy anodeifewv fu Arav Timol).
H yAdooa wotéo0 €xel Evay unyavioud, Gote oL AoYxég TeoTdoelg va unv emBapivouy 1o
XeOvo extéheong, xal autd yivetonw ue TNy Teltn enéxTaoT TOU ELOdYEL 1) YAGBOOWQ, TIG OTATIXES
mpotdoets. Méow Tou unyaviopol) autol, UTopoUUe Vo 0ploOUUE OTATIXES TPOTAOELS, OL OTOLEC
dev emnpedlouv to mpdypauuo XaTd To Ypbvo extéheong, alldlovtog ) AéEn-xAetdl data oty
dfAwon tng mpdtaeng Ye N AEEN-xAewdl prop. Tic otatixéc TpoTdoels Unopolue va i Yenot-
ponothoouue yua va Hécovue neptoptopols (constraints) otic dnhdoets THnwY, oL onolot npénet
va umopolv v anodetyfody 6Tl Loyouy xatd Tov €heyyo tTinwy. H anddeln tov neplopioudy
yivetaw péow evég evomomtinol unyaviopol Aiorng neploptoudy (unification based constraint-
solver). Ot ouvaptfoelc ueTall oToLYElmVY YE TUTOUC TOU Elval OTATIXEG TPOTAOELS UTOPOUY VA
xenowonomnBody xar auTég and 1oV GUYXEXELWEVO UNYavioud tpog Abon Twy neptoptouty. O
TOTOG AVTHY TWV CUVAPTACE®Y Elval ouolaoTixd éva Bedenua, evéd 1 vAomoinot| Toug anotehel
v anddeln tou exdotote fewphuatog. To mopddetypa tou oyfuatog 2.3 ue ypfion otat-
%xOY TPOTAoEWY pailvetal 6To oyxRua 2.4, 6Tou enlong galvetar oL Evag oplouds cuvdpeTnong -
Dewpruatoc yio T oyéon uxpdtepo-ico.

Yuvoilovtag, n Qmega eivar ula oelpd emextdoewv otn Haskell tou Statneodv ) @uloco-
plo Tng apyenc YAOooag, ol omoleg emitpénouy va yenowdonownlel  yYAdooo yla TpoypooTL-
oué ue anodeilerg. O €heyyog tomwy elvon anoxplowun Stadixactia, oL undpyetl duvatdTnTa OL
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—= opLopdS TNG OoTATLUNG OYéong MLupdTepo—{co PETAEY QUOLHUAY
prop LessEqual :: Nat "> Nat "> *0 where

LeBase :: LessEqual TypeZero x

LeStep :: LessEqual x y -> LessEqual (TypeSucc x) (TypeSucc y)

-- oplopdc TUMOU QuoLHoU axepoliov PHE TEPLOPLOPS O OMEPALOC VO
-- elvar peyoardtepog {ocog Tou 1
data NatLEone :: Nat "> *0 where
MkNatLEone :: LessEqual (TypeSucc TypeZero) n => SNat n -> NatLEone n

pred’ :: NatLEone n -> Covert SNat

-- pred’ MkNatLEone(ValueZero) = adbvatov, dtétL dev umopel va iuavomolnOetl
-- o mepiLoptlopds (LessEqual (TypeSucc TypeZero) (TypeZero))

pred’ (MkNatLEone(ValueSucc x)) = Hide x

-- Qedpnua: €dv x <= y TéTE X <= y+1

theoreml :: LessEqual x y -> LessEqual x (TypeSucc y)
theoreml LeBase = LeBase

theoreml (LeStep prf) = LeStep (theoreml prf)

IyAue 2.4: Xpfon otanx@dy npotdoswy otny {imega.

anodelelg va xataoxcudlovtot autduata and xoUtdAANA0 unyaviousd Tou diepunvéa tng YAGo-
oag ©atd Tov EAeyyo TUMWY, ywelc va ennpedlouy TV anddoor Tou TEoYRIUUATOS 6TO YeOVOo
extéheone. To yapaxtnelotind autd elvor mohd embuuntd yia plo YAGOGH TEOYEAUUATLOUOY
ue anodetéelg.

2.4 Dependent ML xoat ATS

To Applied Type System (A7 S) eivar éva mhaiolo yio 0 oyedlaon xor popuokioTixy nept-
YEUPT) TEOYWENUEVWY GUOTNUATOY TUTWY YL YADCOES TROYRAUUATION0U, Tou €yel TpoTabel
an6 tov Hongwei Xi tou Boston University [Xi04]. H yAdooa ATS eivon plo xabopr ouvop-
ol YAdooa 010 otuk s ML pe éva ovotnua tinwy tou Baciletar oto AT S [Chen05].
Mnopotue va modue 6t  Dependent ML [Xi98] eivon ovotaotxd éva unooivoro tne ATS,
xal g tétolo Oa tny edetdoovue €36, av xor mpaxTxd undpyouy dagopés UeTA) TV dUo
YAWGGOY.

Zexwvolue and v Dependent ML. Ytn yAdooa auti], 1o eidog twv tinwy g YAOGGGAS
avapépeTaL wg type, eV uTdpyouy entong Ta eidn bool xaw int. Ot dpol Tou xatnyopLonolovVTAL
ue autd Ta eldn avagépovtal kg otatixol duadixol 6pot xat otatixol axépalol dpol avtioTolyd.
Tétolo bpot etvan oL Suadueée xaw axépates otabepée, ot ypauuxés tpdieis axepalwy (tpbobeon,
agaipeon xar ouvdptnomn avibéton), ov duadeéc npdletg (ovleudn, dtdlevin, dpvnom), xou ot
oyéoeig dudtadng puetalt axepalwv. Enedn emtpéneton toAvpoppLouds wg npog 6poug xafevidg
and ta tela autd eld1), TEoxUTTEL HTL £YOoUNE TWES XL TUTOUG NG YADGGAS Tou eEXpTAVTAL ATd
inoug (6nws oTic ouvABels ouvapTNoLaXég), aAAE Xat and oTaTXovs duadiKols xoL axépaLoug
6poug. Me autdv tov Ttpémo, €xouue xat oty Dependent ML tn popgh twv edaptduevony
TOnwy mou eldaue oty {dmega, 6mou dnhady umdpyel Staywplonds peTald TOoL EMTESOL TWV
OOV XL Tou eMédou Ty Tiuoy. H dwupopd ue tnv Qmega elvar 61 0 TpoypauUATIOTAS deV
unopel vo oploet eldn extdg TOVY NON LTAEYOVTIKY

O tomot mov urootneilel n YAdooo elvar ol e€xg:

o timog axepatov e€aptduevog and otatind axépalo 6po, pe ouufolioud int(l), érou I o
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otoatxol axépalol 6pol

o duaduxde timog e&aptduevos and otatxd duadnd bpo, ue ouufoloud bool(B), émou
B ot otatixol Svadixol dpot

e tinog ouvdptnong (17 — T2)

e 0 xafohuxde timog Vo : 0.7, 6mov 0 10 6Uvoro Twv iy, O timog autdg yapoxtnellet
TOAUUOPPLXES BNADOELS GUVAPTAGEWY XoL TUTLY Sedouévmv. LuuBoliletar e dyxiotoa,
dhadh wg {a: 0} T.

e o umapdlaxdg tomog Ja : 0.1, o omolog yenotdonotelTal yior Topddetyua Yl Vo ano@i-
YOUUE Vo TPOoBLOploouUE TNV TopdUETEO VO EUPTHOUEVOU TUTOU, SNULOVEYHVTAS ETOL
évay un-eaptduevo tino and évav eloptduevo. Lupfoliletar pe ayxdreg. [ mopd-
detypa o un e€aptduevoc THnog axcpainy elvat o [n :int] int(n).

o yevixeuuévol alyefeuxol tomol dedouévmv

o timog ue @poupd (guarded datatype), o omolog Séyetan plo mapduetpo eldoug bool xou
évay t0mo, xau yenowwonoteital oty 3HAwon ocuvapTioeny. O TOTOg auTdS UTOSNAGDVEL
6L 1) ouvdpTnon nou opiletan umopel va epapuootel u6vov dv Loydel  Aoywr cuvlhixm
Tou tomov. LuufBoliletar wg ouvinxn uéoa oe xabolxd mocodeixty. I'o topddetypa o
TOn0g UE Qpoupd axcpaiov ueyahitepou tou 0 elvor {n :int | n > 0} int(n).

o tinog pe dfefaimwon (asserting datatype), tou eivan o avtiotpogo tou THnOL HE PPOUES.
Yrodnhdvel 6Tt 1 ouvdptnor mou oplletal emotpépet Ty yia Ty omola Loydel n ouviRxn
Tou THnou. LupuBoAliletar vg cuviixn uéoa oe unapdlaxd tocodelxty. ' Tapddetyua o
tonog ue Safefatlwon axepalou yeyalitepou tou 0 elvan [n @ int | n > 0] int(n).

INa nopdderyua o tinog ulag ouvdptnong mou matpver évay Oetind axéparo ot emoTpEPEL
évav apvntixd Bo elvar: {n :int [ n > 0} int(n) — [r :int | 7 < 0] int(r). O ékeyyog
Yl T0 €dv ol mepLoptouol mou emBdAhouy ou tOmoL ue @poupd xal ue SafBefatwon toylouy,
unopet va ylver ue onoladinote uéhodo ypauuixol mpoypauUaTIonos, SLOTL AV THEATNENGOUUE
TOV 0pLOUS TOY GTATIXGV 60wV TEOXUTTEL HTL OL TEELOPLOUOL TTOU TEOXUTTOUY €YOUV TN LoPEY
YeapUXAY avio@oewy axepatwy. Etol o éheyyog tinwy g YAdooog npénel va nepthaufdvel
xoL €V UNYaVLoUS Teog ETLAUGT) GUGTNUATWY TETOLWY aVio®hoeny. Enedy| yia Ta ovotiuata
autd umopet ette va Bpebel Aor oe tohuwvuuLxd, 1 oxedév tohuwvuuixd, xpovo, elte va dety el
ot elvar addvata ouothuata, o EAeyyog TUTKY Tapauéver ula tdvta anoxplown Siaduaota.
Edv BéBata xdmotec and tig ouvhixes twy tinwy pe ppoupd R daBefalnon dev tnpolvtat (6nwg
ya topddelyua €4y oe Ulo cUVEETNOT UE TOV TUTO TOU TAPABELYUATOG SOGOVUE WG HpLoUA EVLY
apyNTd axépato), o ENeYyos Toney o arogaviel 6t To npdypauua teptéyel opdiua THTOY.

Ta otovyela autd g YAGooAg apxody yia vo oploovue mo Aemtouecpelc TUTMOUC Yo Opt-
ouéveg GUVOETAHOELS, UE amoTéAEoUa Vo amoxahintovtal Teploodtepa Thavd opdiuota xatd
Tov ékeyyo timwv. Ta napddetyua, dedouévou evog tinou AMotag eZaptduevou and to unxog
aUTAG, UTOEOVME Vo 0plGOVUE TN GUVEETNOT GUVEVLONG ALOTOY K¢ Ui GUVEPTNOT Tou déyETal
d0o Moteg xat emotpépet uta AMota ye uixog oo ue to dbpotoua Ty UNxdY Ty 300 AeTdy,
XAl TN 6UVAETNOT aVTLoTEOPNG AloTag we Uio GUVAETHoT Tou déyeTar Ula AloTa Xdmotou uixoug
xa emtoteéel Aota Tou Wilov uhxoug. To nupddelyua autd gaivetal 610 oyfua 2.5.

[Top’6ha autd, N exgppacTixdTTA TV TUTWY TN Dependent ML elvon mepropiouévy oc
oyxéon ue ™y Omega. T napddetyua, dev unopolue Pe XATOLOV TEOTO Vo SDHGOVLUE €vay
axplBr] TOTO YLl TN GLVAETNOY TOAAATAAGLAGUOU axepalnwy, Aol Sev UTopolue Vo ex@Ed-
oouue Tov ToAAamhaotaoud petalt otatindy axépatwy bpwv. H ATS enextelver 1o olotnua
ToU €Y0VUE TepLYpdPEL Emg 8 Ue BuvaTodTNTA Yio avadpoulxd oploud EWBGY and TOV TROYEUU-
patioth, xofde xaw ue éva véo €ldog, o prop, To omolo YeNoLLOTOLELTOL VLo 0pLoUS AOYIXEY
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datatype list (type, int) =
{a : type} nil(a, 0)
| {a : type, n : int}
cons(a,n+1) of a * list(a,n)

fun append {a: type, n:nat, m:nat}
(x: list(a,m), y:list(a,n)) : list(a,m+n) =
case x of
| nil => y
| cons(x, xs) => cons(x, append(xs,y))

fun reverse {a: type, n:nat} (1 : list(a,n)) : list(a,n) =
case 1 of
| nil => nil
| cons(x, xs) => append(reverse(xs), cons(x, nil))

Eyfua 2.5: Toapdderyua ocuvapthoewy yetptopot AMotag oty Dependent ML.

xatnyopnudtov (tapbuola Ue TG otatixég mpotdoeg ¢ Qmega). Mnropolue va oploouue
Evat Aoyo xatnydpnua 6mwg optlovue évay avadpouxd tino dedouévwy. Ot dpotl mou €youy
©¢ T0mo éva TéTolo xatnydenua anotehody ouclaoTixd an6delln Tou xotnyopiuatos. Enlong
UTOROVUE VoL 0plOOVUE GUVAETACELS UETAEY XATNYORNUATKY, Ol onoleg anotelovy Oewpiuata,
eved oL VAoTothoelg Toug anotedoly anodellele autdy. O ouvaptioels autég mpémel va elval
ThfpeLs, xdTL mou Stacpaliletar divovtag xatd Tov oploud Toug ula UETELX TEQUATIOUOY, TOY
mpénet var pBtvel xatd TNV avadpoux’ xAfor g exdotote ouvdptnong. Téhog npootifetar évag
xavodpLog THnog, o Tinog (edyous AoYxol XATNYORHUATOS Xal TUTOU, TOU UTOPEL va Ypnot-
pomownfel yio vo anowthooupe Ty Yrapln anddetgng yia pia mpdtaoy 1 va Siafefadoouue 6T
undpyel anddeln yia ula npdtaoy. No onueidoovue 6TL oL dpot anodellewy woag evdiagéoouy
LOVO XATd TOV EAEYYO TUTWY, XAL 7] ATOTIUNCT TWY EXPRACEWY NS YADOOCOS YivETal Ywele va
AouBdvovtal ot 6pot autol uTdy, dpa xaL ywele xdnolo x66Tog 6TOY Ypdvo extéheons. Ta
YApoXTNELoTXd autd g YAdoooag ATS galvovtal oto nopddetyua tou oyfuatos 2.6.

'Etot, n ATS unopgel va anodeuxviel autduata TpoTdoels Yo Eva ouYXeXplUévo tedlo oyé-
oewVv (Ypauuixés aviodoelg axepalwy), eved yio dhha tedlo mpénet va xatooxevdlovtal uéoa
070 TpdYpauua TAeels anodeiietg. Ta untdhoina yapaxneloTixd g YABooug elvat tapduola
ue v mega.

2.5 Vero

H Vero eivar pla ouvaptnotae) yAdooa npoypauuatiopod mou éyel mpotafel and tov Xinyu
Feng [Feng04]. 'Eyet otnpuyfel xatd yeydho uépoc 610 olomnua TOmmVv Yo TOTOTONUEVA
exteléolua Tou meplypdgetal oto Shao el al. (2002), oto onolo otnpiletar xou 10 olvoTnua
NFLINT ywax to onolo mopdyel xO3xa 0 HETAYAWTTLOTAS TNS YADGOUS TOU XATAOHEVACUUE.
H yAdooa aut anoteheltar and dGo Eeyxwpeltotd pépy, 1o eninedo tng YAdooag anodelewy,
10 omolo ypnowonoteitol g éva mhatolo Aoy, xat 1o entnedo g YAGOOUS UTOAOYLOUGY.
H yAdooo anodeléewv elvol ovolaotind tautéonun Ue TN YAGOOoK TOTWY TOU TEPLYQPAPETIL
oto TSCB [Shao02], n onola elvan évag A-hoyiouds pe unoothplin Yo enoywyxols oplouols
eWddv. (H puévn dapopd petalt 1oy 390 Yhwoody eivan é1L 1o eldoc Ty anodeilewy otnyv Vero
ovoudletar Prop avti yua Kind). Ipotelvouue 6tov avayvdotn va dwafdoet to oyetixd xeluevo
YLOU TNV XATAVONGY NG YABOOUS aUTAC, ULAC %ol 1) aVoAUTL) Tagovaiact) Tng elvat extods Twy
mhatolwy authg g cpyaoctag. 201660, 670 xePdlato 5 yiveTol MEPANTTLX TEQLYpAPY| TNG
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(* opLopdg HATNYOPHUATOS YLa TOV ToAAamAacLocud anepalwev:
udpyeLl amdédelEn yia To MUL(n,m,p) av p = n*m *)
dataprop MUL (int, int, int) =
| {n : int} MULbas (0, n, 0)
| {m : int, n : int, p : int | m > O}
MULind (m, n, p) of MUL(m-1, n, p-n)
| {m : int, n : int, p : int | m > O}
MULneg (m, n, p) of MUL(-m, n, -p)

(* umoBéToupe TNV cuvdptnon mul yia TOAAATAXCLAUCHS aMeEpaiwv:
mul : {al : int, a2 : int} (int(al), int(a2)) ->

{a3 : int} MUL(al,a2,a3) * int(a3)
*)

(* Oedpnua: av al>=0 uat a2>=0 téte al*a2>=0 *)
(* pe () oupPoAriletal o povadiudg Spog Tou povadlalou
TOmou (unit) *)
prfun lemma {al:int, a2:int, a3:int | al >= 0, a2 >= 0}
.<al>. (* to al elval N HETPLHY| TEPUATLOUOD *)
(prf : MUL(al, a2, a3)) : [a3 >=0] () =
case prf of
MULbas => ’()
| MULind prf => lemma prf

(* ouvdpTtnon mapayovTixoy, 1 omola Stafefoatdvel 6TL
To amoTEAeoud g elval peyaAdtepo Ttou 0 *)

fun factorial {a : int | a >= 0} (x : int(a)) : {r : int | r >= 0} int(r)
if x == 0 then

1
else
let
val >(pf | r) = x mul factorial (pred x)
prval _ = lemma pf (*x amédel&n étL r >= 0: agol mpondmtel amd
MM YPAMMLHY oxéon dev umopel va eZayPel
AUTOMOTO, MOl ETOL TMPEMEL va dnpLovpynbel
xeLpoxivnta oe autTy TN O€om, MLAC HAL T
OmapER g emiPBdAAeTal and Tov TOMO ME
SdraPePalwon tTng ouvdpTtnong *)
in
T

Syfpa 2.6: Ipoypaupatiouds ue anodeileg otnv ATS.
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Inductive Nat : Prop = 0 : Nat | S : Nat -> Nat;
Inductive Bool : Prop = True : Bool | False : Bool;

(* H dAAwon Fix avtiotoiyel otnv evtoAy Fixpoint Tou Coq *)
Fix plus [nl1 : Nat] : Nat -> Nat =
[n2 : Nat] <: Nat :> Cases nl of 0 => n2
| Sn’ =>8S (plus n’ n2)
End;

(* H dAAwom type avtiotolyel otnv evtorr Definition tou Cog *)
type ifez : Nat -> (k : Prop) k -> (Nat -> k) -> k =
[n : Nat] [k:Prop, pl:k, p2:Nat->k]
<: k :> Cases n of 0 => pil
| Sn’ =>p2n’
End;

Fix le [n1 : Nat] : Nat -> Bool =
[n2 : Natl
<: Bool :> Cases nl of 0 => True
| S n’ => ifez n2 Bool False (le n’)
End;

Eyfua 2.7: Topadelypata otn yAdooo anodetéewy tng Vero.

YAdooag Tinwy Tou NFLINT, n onola anotelel puxpnh napariayh avthg tou TSCB.

H yAdooa anodeli&ewv tng Vero elvat apxetd xovid otov Aoyiousd 1wy Enayoywdy Kato-
oxevdv (Calculus of Inductive Constructions — CIC) nou yenotuonoweitar otov Bonfé xota-
oxevfc anodellewv Coq [CDev03]. Mdhiota ou épol ¢ YAdooag anodellewy ypdgpovtal otny
Vero pe oOvtagn mohd ntapduotla ye auth mou yenordonotelton 6to Coq. Heptinmtind unopodue
va Todue 6Tt emTpénovTal SNAGCELS ETAYWYXAOY Xot Un TOTwY, xabde xat 3jhweon Thijewy ou-
VOpTHoEWY UE YpHoT TemTapY XN avadpounc. Xto oyfua 2.7 gatvoviar Snhdoels 6N YABooo
anodeléewy g Vero yia Toug guotxotc axépatoug, Tig duadixée uetofAntég, yio T ouvdpeTnon
npbabeomng axepatlwy, xalde xat yia ) ouvdpetnon wxedtepo-tco uetalld axepatwy.

H yA&oooa utoroyioundy tng Vero elvar ula enéxtaon g YA®ooag utoroyiousdy tou TSCB
xat Tou NFLINT, ue v xdpia Stagpopd 6t unootneiler alyeBpixoic tomoug dedouévmv. Ot
bpoL NG YAWDOGUS UTOAOYLOUADY XATNYOopLoToLouvTaL and Témoug Eeywplotols and ) YAGooo
anodel&ewy, oL omolot £youy eldog Kind. Emttpéneton e&dptnom dpwmv tng YAOGGGAG UTOAOYLOUGDY
ané 6poug TG YAWooog anodellewy alld 6yt To avtioTpopo — €ToL EYOUUE TNV TPOGEYYLOY IO
€youvue det oty Qmega xou Ty ATS, ye Swathpnon g aToxploldTnTag ToU EAEY YOV TUTKY.
Eniong ou e€aptiduevor timoL unootneilovial xal o€ auth TNV TEPTTOON UEGK TOU UNYAVLOUOY
Ty singleton ténwv: v napddelyua o tOmog evdg Quoxol aptbuol elaptdtal and évav bpo
anodeilewmv tinou Nat (dnwe avtéc Snhdinxe oto oyfua 2.7). Ag dodue mo avalutixd toug
noug Tou utosteilel N YAGooa utoloyloudy g Vero xat TG EXPEACELS TOU AVTLETOLYOUY
o€ autoug.

e Baowxol timoL, émwe wovadiatog tonog (Unit), singleton ténog guowxos aptbuol ue eZdp-
mon and 6po YhGooog anodetéewy tinou Nat, singleton Suvadixde tinog ue e&dptnom
anéd 6po YAGooos anodeléewv tinou Bool

e TUTOG GUVAETNONG
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(* optopdc Tou pun eEapTOPEVOL TUTOU QPUOLHOU opPLOPOY *)
type nat : Kind = <n : Nat> snat n.

val add : nat * nat -> nat =
fn ns : nat * nat =>
let val nl = #1 ns
val n2 = #2 ns

open <nl’, snl> = ni
open <n2’, sn2> = n2

in
pack n = plus nl’ n2’
with snl + sn2 : snat n
end

end;

SyRue 2.8: Yuvdptnon npdoheong axepalwy otny Vero.

(* YnoBétouue 6TL Exet oplLoTel otnyv YAdooa amodelfewv
n oxéon Looduvaplog Eq petagd d0o Spwv Tng *)

type rec list : Kind -> Nat -> Kind =
[t: Kind, n : Nat]
{ nil of <prf: Eq Nat 0 n> unit
|cons of <n’: Nat, prf: Eq Nat (S n’) n> t * (list t n’)
+

Sy 2.9: Optoude e€aptduevou timou Aotag otny Vero.

o %000AxO¢ TUTOC Yo TOALHOpPLOUS elte w¢ mpog Tino e YADooug utohoylouoy, elte
¢ TEo¢ 6p0 TN YADGoag anodellewy. Luuforiletar ye ayxviec.

o unapdlaxdg Tomog yia analtnon Unapdng elte Timou YAdooag utoloyiouol, eite bpou Tng
yAGooag anodetéewy, ywele va yivetal gavepds oto eninedo twv tinwy. Luyfoiiletal
ue yoviaxés ayxthec. Do mopddetypa o un eaptduevos tnog puowxdy elvar (n :
Nat) snat(n).

o ahyefeuxol Tinol dedouévwv, ue duvatdtnTa Yia optopd auolBaing avadpouxty TiTwy
dedouévwy

Ou exgpdoeig tig YAdooag elvar oL e€hc: otabepéc Baoxdy TonwY, npdéels uetald axecpalny
Xt SUadKDY LETABANTAY, oplouds ouvdptnons (Wéow tng AéEnc-xhetdt fn), toAvpoppLouds wg
Tpog TOTO ) 6po NG YAMooug anodelleny (ouufolioude 6nme xat ov xafowxol timoL, ye yeron
ayxOAwV), exppdoctc pack xoL open yLo xataoxeut, xot anodéunon uraplaxdy TOTey, Talplo-
oua TeoTtinwy (Soun case), xou Tonxol opltouol ovoudtey yio exgpdoeis (Sout let). Yto oyfua
2.8 galveton éva mapddetypa v T oLvdpeTnon npdcbeong axcpalny. Yto oyxfua 2.9 gaivetal
éva Tapddetypa oplouod tinou Aotog ye e€dptnon and to uixog . Me yefon g oxéong
tooduvautog Eq nou npénel va €xel oplotel oto entnedo g YAOGoag anodeliewy, anodeixvietol
61 unopel va apbel o meploplouds oe ahyeBpxols Tinoug dedouévwy Tou meplypdaue TNy
(Imega, xaL va optoovue €tal yevixeuuévoug alyefBplxols Tomoug dedouévwy.

Téhog 610 oyfua 2.10 napovotdleton éva mapdderyua oe Vero ye eugovy ) yenorn ano-
det€ewv. Opllovue oty YAGooa anodellewv Tov ToAamhactaoud Quoxdy xabdg xal éva
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xatnyéenua yio ) oxéon “uxpdtepo” uetald guowdy. 'Enetta opilouvue oty YAGooo uno-
AOYLOUOY TN GUVEETYOT ToEAYOVTLX0Y, N OTola EXTOG TOU AmOTEAEOUATOG EMOTREPEL xat Ula
anddelln 6t autd elvon peyoardtepo tou undevée. H ocuvdptnon dnal xou mepdoel and tov
éheyyo tomwy Ha elvan yepunds ophh olugpuva tdvta ue ™) cuyxexpluévn tpodiaypagr — dev
€youue TpémO vo anodei&ouue 4TL N cuvdpTtnon olyovpa Ba tepuatiost, ondte dev UmopovuE
Tapd vou WAdue yio pepte) opdtnta wévo. No onuetdoovue 61l 10 mopddetypa autd unobé-
TeL pla ouyxexpLévn wopgt yia To Talplaoua TEOTUTKY axcpalwy, Ty onola 1 YAodooa Vero
dev Sabéter oty popyt tou mapovotdletor oto [Feng04]. Kdénowa napduota duwe Sout elva
amaEalTnTy Yoo TNV UAOTOINGT TV MEPLOGHTERLY ouVaETHoEWY UeTald axepalwy. Aoufdvo-
vTag unddhn to yeyovdg 6t dev Exel vhonoinlel yeTayAwTTIOTAS Yo T YAGOOo, dea 1) YABooo
dev elvon amapaltnta ohoxAnpwuévn xat dev €yl doxwuaotel, unopolue va utobécouue 6Tl pla
tétola dour Oa unfpye oe pla tedw) €éxdoon g Yhdooog.

Ev xataxAeldt, unopodue va modue 61t n Vero elvan ula yAdooo mou amhomolel apxetd
TOV TpoYpauUATIous ue anodeléelg o oyéon ue €va oVotnua evdlduecoy emmnédou OTKwg TOo
NFLINT, Xoyw g vdnhdtepou emmnédou @long mg. Emlong, éxer éva obotnua tonwy e&i-
oou toyved ue Ty OQmega xor v ATS, agod apxel yia v dHAwon xatl yeRon YEVIXEUUEVLY
ahyeBoixdy tinwy dedouévwy. O anodeilelg dev ennpedlouy T0 Ypdvo eEXTENEOTC TOU TEO-
Yeduuatog, StotL anoteloly ototyela EexwpELoTd and Toug 6poug UTOROYLOUOUS TNG YAWBOGUS
TOU YENOLLOTOLOVVTOL WOVO XaTd ToY éAeY Y0 TUTWY. 201600, 0 GLYSLACUOS TWY EEAPTOUEVKY
OV xou N un Onopdn XATOLU UNYAvieRoy Yl auToUAT) XATooXe ) (xdmotwy) anodeilewy,
€YOLY KOS ATOTEAEGUN O TROYLUUUATIONOS 0T YAOGGA auTh Vo elvor Toh) dVoxolog YLo Evay
H€co MEOYRAUMATIOTH ToU dev Exel eE0XElWON UE TIC OYETIMES EVVOLES.
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(* dMAwoT TOAAATAXCLACHOY QUOLHOY apltBudv ot YAdooo anodelEewv *)
Fix mul [nl: Nat] : Nat -> Nat =
[n2 : Nat] <: Nat :> Cases nl of 0 => 0
| S n’> => plus n2 (mul n’ n2)
End;

(* dMAwomn Tng oxéong MLHPSTEPO METAED QUOLUAOV APLOPAY *)
Inductive LT : Nat —-> Nat -> Prop =

ltzs : (n : Nat) LT 0 (S n)

[1tss : (n : Nat, m : Nat) LT nm -> LT (S n) (S m);

(* Bedpnua: av 0 < x not 0 < y 16T 0 < x * y.
1 anddelLEn Tou Oewprjuatog dev mapovoLdleTal €dd, dev elvot
amAR, undéOeorn wotdoo! Laphdc BV UTOPOUME VO TEPLUEVOUUE UATIOLOV
AUTOMATO PNnYoviopd naTaorevng anodel&ewv ploag yYAdooug va
notaoHeVEZeL amodel&elg YiLa Oewpfuata Smwg auvtd. *)

type theoreml : (x : Nat, y : Nat) LT 0 x => LT 0y -> LT 0 (mul x y)

= (* ... %);

(* ouvdpTtnom mapayovTLxod oTn YAGCOoW uToAoYLoudv Tng Vero *)
val rec factorial : (n : Nat) smat n -> <r: nat> <prf: LT O r> snat r =

[nt : nat] fn n : snat nt =>
case n of
| 0 =>

pack r = (5 0)
with pack prf = 1ltzs O
with 1 : snat (S 0)
<prf: LT O r> snat r
| 1 +n’ (S nt’) =>
let val resp = factorial [nt’] n’
open <rest, res’> = resp
open <resprf, res>= res’
in
pack r = mul nt rest
with pack prf = theoreml nt rest (ltzs nt’) resprf
(* elvar edhoyo va Oewpricoupe 6TL auTY
1 anddelEn Ba pmopoUoe va dnulouvpynPel
and HETOLOV AUTOUATO HUNYXAVLIOMS MATACHEVAC
anodei&ewv, dedouévou tou theoreml *)
with n * res : snat (mul nt rest)
: <prf : LT O r> snat r

Eyfuwa 2.10: Tpoypauuatioude ue anodeilelg otny Vero.
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Kegdhato 3

Evcaywy? oty Karooma

Y10 xe@diowo 2 eldoue ylo oelpd GUYVALTNOLAXGY YAWOGKY Tou UTOGTNEILOVY TPOYPAUUATLONS
ue amodeilerg. H ypfon e€aptduevony tinwy elvon Hepeliddoug onuactiag tpog autd Tov oxond,
070 6UVOAO TV YAwoo®Y Tov eEetdoaue. Le xdnoteg and autés (Qmega, ATS yia ovyxexpt-
Héveg TEPNTAOELS), UTdpyEL SuVaTHTNTA VLot AUTOUATY XUTAOXEUY XdToLwY anodellewy, evd oe
Ghheg 1 xataoxevn anodellewy meénet va yivetal yetpoxivnta and Tov TEOYRAUUUATIOTH. LTNY
mhetodnepia 1Y YAwoody ou anodellelg avixouy oto eninedo Twv Timwy xar 1ot ennpedlouy
uévo tov éheyyo tonwy. H xataoxeun xau yetayeipion Toug dev emPapiivel to ypbvo extéieong.

Y10 xepdhoto autd Ha napovsidoovue T ouvaptnolaxy YAdooo Karooma nou oyedidoouue.
Ytdyoc tng oyedlaonc tng fToy va emTiyouue Eva LlwUa TEoYpaUUaTIoUoY Tou elval 660 10
dUVATHY TLO XOVTA 6TLS SLadESOUEVES YADGOEG GUVAETNOLAXOY TROYPAUUATIOUOU, SLATNPGOVTAG
OUWS TN JUVATOTNTA VO TPOSLAYPAPOVUE TN UEPLXT| 0pBOTNTA TWY TEOYPAUUAT®Y TOU Yedpouue
oc auth. Ilpog exmAfpwon autol Tou otdyou, Thpoue dVo anogdoeic xaboplotinés Yo T
noppn NS YAGooog: N Swaduxactio anddeling tov tpodlaypapndy elval andluta EexwpeLoth and
0 Stadixacia uhomolnong Tou TpoYEAUUATOS, evéd 1 YAKooa Sev éxel e€apTduevoug Timoug.
H mpodaypagy e uepwrc ophdtntag tou npoyeduuoatog yivetal uéow tng diadedouévng npa-
xtxhc Ty npoouvlinxdy (preconditions) xat yetaouvnxdy (postconditions). Etot xatd tov
0pLoUs Ulog GUVERTNONG O TPOYPAUUATLETAS TEETEL Vo TpodLay pdpeL Tig GUVONXES Tou TEéTeL va
Lo 00UV YL TLG TUEAUETEOUS Yo VoL XAn0el 1 ouvdptnor, xalode xat Tig cuvinxes tou Befoldvel
1 ouvdpTnon 6Tt Ha Loy louy Y To AMOTEAEOUN TOU EMOTREPEL.

Mmnopotue va modue 6tL avayvwpllovue 3o pbhoug xatd tov Tpoypapuationsd oty Ka-
rooma: To EOAO TOU TROYRUUUATIOTH ot To pélo Tou anodeixtn. O mpoypoupatiotic dev
yeetdletar va £xeL Xatavonon Tewv Baoixidy EVVOLOY TOU TpoYpauuaTionol Ue anodeliels, 6mwg
aUTEG EYLVOY QaVERES xaTd TNV TapouatacT) Twy Slapdpwy aVIAOY®Y YAWCOKOY 6TO XEQAAILO
2, oUte eunepla otV Labhnuatied Aoy xat oty xataoxeuy anodeilewy. AvahaufBdver va
vhonotfioel e QUOLXS TEOTO TLG BLAPOPES GUVAPTACELS EVOS TROYRAUUATOS, TROGEYOVTAS UOVO
va divel xatdAnheg mpodiaypapéc yio autég. O amodelxtng avahauBdvel va arodeilet tny Loy
TOV TEOSLAYRAPAY auTAY dNULoueYdVTag TAHRELS Aoyixés anodelelg dapdpnwy Tpotdoewy. Oc-
wEOoUUE GUmS OTL €xel eunelplor oTn wabnuatien hoywa] xat oty YeRon epyareloy dnwg 1o Coq
yioe SteuxdAUVeY 6TV XATAGKELT| amodel&ewy.

'Onwe éyovue BON avagépet, TeEAxdS oXOToC ELvaL 0 XOIXAC TOU TAPAYETUL AT TOV UETA-
yAottot] tne Karooma va npoopileton yia to odotnuo NFLINT. To cVotnua avtd poldlet
TEPLOGOTERO OTLG YAMOGES oL eldaue Ewg Téhpa, ahhd elvar evdiduccou emnédou. (g ex TovTou,
dev mpooplletal yua npoypapuatioud anevlelag oe autd WL oL x4t TEToLo elval TOAUTAOX
dradixacto. Ov anodetleic 6to NFLINT anotehodv otolyelo Tou emnédou towv tinmy, xat £Tot
dev emPapivouv 1o ypedvo extéheons. Luyxexpuéva 1o olotnua autd yapaxtneiletal and
onuactohoyla Staypaphs Tinwy, xau £tol 1) extéheon xdduxa NFLINT elvar to (o amodotiy
ue Ny extéleon tou Btou xdduxa ywels Tinoug. Enouévwe, n tedua) anddoon evég npoyedu-
uotog Karooma elvon Gewpntind duola ue tnyv anddoon tou dlov npoypduudatog oe Ulo TUTLX)
ouvaptnolxh Yhdooa (6tou dev ouunepthauBdvouue xdmota wop@h eEAEYy oL NS THENONG TWVY
TpOdLAYpAPADY Tou TpoyYedupatoc). To yeyovée Suwe 6Tt 10 TEAXS TEdYpaUUd TEPVEEL TOV
éheyyo tinwy tou NFLINT onuatvel 1L autd elvar pepinddc 0phd alugpuva e tig tpodlaypapés
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, , Agtbuse Oéom xau
Tekeotée IMeprypagt Tehovévesy TEQOGE’TO(LQL—
oTXOTNTA
! Aoyt dpvnon 1 prefix
x [ && IToAamhaoctaoTixol TeEAEOTEG 2 infix, aplotept|
+ — | IMpooHetixol teheoTéc 2 infix, aprotept
== > < <= >= !|=| Xyeowxol teheotéc 2 infix, xopta

Ilivaxag 3.1: [lpotepoundtnta X0l TEOGETAULELOTIXOTATA TWV TEAEGTGY Tng Karooma.

mou €youyue Héoet.

Noa onueiddoovye téhog 61 10 oboTnua TOTwY g Karooma elval npog 1o nopdy tetpiuuévo,
unoatnellovtoag uévo guatxolc axepaloug ol Aoyixés uetafAntéc. Acev undpyel unooThEEn
Yoo TOMOUG OUVAETHCEWY, dpa dev elvar Suvatdy va €yovue ouvapthoelg uPnidtepng TaEng
(ouvapthoelc ToU BEXOVTAL WE TUPUUETPOUS OUVAPTACELS T TOU ETUOTEEPOLY WG OTOTEAECUA
ouvaptioelg). Enlong 8ev undpyet utootipen yia akyeeixols tinoug dedouévwy, ondte dev
UTOROVUE Vo 0plooLUE, Yia Topddetypa, tomo Alotag. O yevixdg oyediaouds g YAGooug dev
anoxheiet TéToloug THTOUS, ahhd 0 GUVBLACUOS TNG AVENUEVTS TOAUTAOXSTNTAG OTNY LAOTOLNOT)
TOV UETAYAWTTLOTY Xl oL Aemtouépeteg Tng ouunepiAndng Toug oty YAGooo wog anéteeday and
VoL TOUG elodyouue o€ auth ) gdon. H unootiplln tétowwy tinwy elval o enduevic uog 6téyog
otn oyedlaon Tng YA®ooug, xat eueAtiotolyue 61t ovvtoua Ha utootneilovion ot pia véa éxdoor
mg.

Yto unélotno tou xepalaiou Oa tapovoldoovue ) YAGGGA apyxd ywelc va Aaufdvouue
UTOYN Ta oToLyelor TOU €XOUV VA XAVOUY UE TOV TpOYpouuaTioud ue amodellelg mépay Twv
Tpo- oL UETA-ouVONXGY, €ncita meplypdpovtag to otolyela autd, xal téhog mapalétovrog
TUEASELY T TOOYEAUUATOV.

3.1 Aopy npoypdupatog xou ovvtaén tng Karooma

H dou¥ evéc npoypdupatog Karooma eivon n e€ig. Ot mpdteg 8lo dnhdoeig evdg mpoypduua-
TOG €Y0LY VAL XAVOUY UE TOY Tpoypaupatiousd ue anodeilelg xol Oo tig eCetdoovue ot Bdbog
mapaxdte. ‘Eneita €yovue toug oplopolc twv ouvVapTHCE®Y Tou TpoYpduuatos. Emedy dev
UTdEYEL XATOLOG UNYaVLoUOS EL66S0U-e€8d0u Gote va YiveTar eXTUTWOT ATOTEAECUATOY, Xl
eNELdY| £Y0UUE VAOTOMOEL UETAYAOTTLOTA XL O)L SLEpUNVER TNG YABOOAS, (HOTE Vo UTOROUUE
va €youue xdmolo dtadpacTtind TeoTo UTOBOAAG EPOTAGENY UE TN UORPH XA ONG CUVARTNOTG
yioo va AdBovue anotehéopata, £xovue emhélet va opllovue To anoTéEAECUA TOU TEOYEIUUATOS
uéoa oe autd. 'Etol 610 téh0g TOU TROYRAUUATOC TPEMEL VA OplLOOUUE TO ATOTEAEGUA TOU
Tpoypduuatos. e xdbe onuelo tou mpoypduuatog emtpénovial oydha ue ) oOvTaln g
OCaml, dnhadh péoa oe nopevhéoeic pe aotepiono: (* xaw *). Ta oydhia umopel vo elvon
POALACUEVA.

Yto oyfjua 3.1 neprypdpetar o woppry EBNF n oOvtaln tne Karooma. H ypauupatia auti
elva dupopoduevy, ov aupronuics duwe alpovtal av Angbody unddr ov avouevouevor xavdveg
TEOTEPULOTNTOSC XL TROCETAULPLOTLXOTNTAC TWY TEAEGTAY, oL omolol gaivovtal otov mivoa 3.1.
To apywd un-tepuatind g yYAdooag elvat to program. Kaholue exgpdoeig toug dpoug mou
TALAYOVTAUL A0 TO UN-TEQUATIXG eTpr ol AOYWEC TROTACELS TOUG OPOUC TOU UN-TEQUATIXOY
pred.

IepAnmuixd, ot exppdocic g YAOooag anotelovvtor and axépateg xoL hoywxés otabepéc,
Tig ouVNOLougveg TEAEELS AUTHY, TNV AVAPORE O TAPAUETEOUS TNG GLVERTNONS, TN Soud if-then-
else xou v avadpoutxn} xhfon cuvaptioeny. Na onueidoovye 6Tt emtpénetor xou apoPaia
avadpoun wetall cuvapthoeny, evd dev unooteiletar currying. (Yreviuuilouvue étu currying
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(letter) = “al-4z” | CA7-CZY
(digit) = “07-49”
(id) = (letter) ( (letter) | (digit) | “7)*
(numconst) == (digit)"
(boolconst) = “true” | “false”
(binop)  u= 4 | 57 | w0 | 8
| S<=? [ S | S | 7 | s |
| sk | P
(unop) n= 4
(program) = (repr) (thrm) (functiondef)™ (res)
(repr) = “representation” (id) “.”
(thrm) = “theorems” (id) “.”
(functiondef) = “function” (id) “” (vars) (optpreds) “—” (var) (optpreds) “is” (expr)
(res) = “result” “is” (expr) “.”
(vars) = (var) | (vars) “” (var)
(var) = (id) “” (type)
(type) = “nat” | “bool”
(optpreds) = [(*[" (preds) “]”)]
(preds) = (pred) | (preds) “” (pred)
(expr) = (id)
| (numconst)
| (boolconst)
| (expr); (binop) (expr)s
| (unop) (expr)
) S (exprhy 57 (expr)a 57 %7 (expr),
| “if” (expr); “then” (expr), “else” (expr)s
| (7 (expr) )
(pred) (id) | (numconst) | (boolconst)

(pred); (binop) (pred)s | (unop) (pred)
<id> Lﬁ(” <pred> 43 77 <pred> [ 77 e “ 77 <pred> Lﬁ) ’ Lﬁ(’? <pred> ﬂL)”

Syfua 3.1: Yovtaén tne yAdooag Karooma.

ovoudleton 1 Suvatdtnta v yelpllduaote wlo ouvdeTnon N 0pLOUATWY WG oUVAETNON £VHg
oplopatog mou emotpépel plo ouvdptnon n — 1 optopdtwey). Koatd ) Shhwon ouvapthcewy
TEEMEL Vo TROGEYOLUE v divouue ovéuata xal TUTOUG TG0 OTIC TAPAUETEOUS, GGO XL GTNY
TN EMLOTREOPNG: EXTOS TOU TUTOU TNG TG TOU EMLGTEEPEL 1) CUVAPTNOT, TEENEL Vo S{vouue Xl
ovoua o€ auTHY, BGOTE VO UTOPOUUE VA AVUPEROUAOTE O auTH UECH 0TS AOYIXEC TPOTAGELS.
Enlong, oc nepintwon mou Oéhovue va Siaogalicovue tn uepw opldtnta tng ouvdptnong,
npénel v Slvouue péoa o€ ayxUAES TLg AoYéS TPOTAOELS TOU ATOTEAOUY TL TPO-GUVHTXES Xal
peto-ouVONRXES NS XpNoNng TG oUVAETNONG.

IMopatnpodue 6TL oL Aoyixéc mpotdocelg €xouy TNy Bla oOVTOEN UE TIC EXPPAOELS, UE TNV
eCalpeon 6t Bev emitpémeton if-then-else. Extdg autod, émwg Oo Sodue mapaxdtw, evd ol
uetafAntéc mou ypnolpomnotolvtal Yéoa 0TS hoywxés mpotdocetg elvon ol dleg ye autég ToV
EXPPAOCEMY, OL GUVAPTHOELS TOU YENOWOTOoLoUVTAL Elval StapopeTixéc and autég mou Ypnol-
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representation default.
theorems default.
function sqrt_aux :
n:nat,aux :nat [ auz *auz < n | —r:nat[r *r<mn, (r+1)*r+1) > n|
is
if (aux+1)*(aux+1) > n then
aux
else
sqrt_aux(n,aux+1)

function sqrt :

n:nat —r:nat[r *r<mn, (r+1) * (r+1) > n |
is

sqrt_aux(n, 0)

result is sqrt(160).
Eyrpa 3.2: Ipdypauua vtoroyiouol tetpaywvixic pllag oty Karooma.

MOTOLOUVTOL UEGH OTLS EXPRACELS TN YAMaoas. Anhadh evd, yio Topddelyud, unopodue vo
XENOUWOTOCOVUE [la THpdUeETEO UETE TN SRAWOT TN wg pépog plag Aoyuaic tpdTaong, dev
umopovue Vo xahécovue ula ouvdeTNom mou €Youde SMAMOEL XAVOVIXd, UECH OTLS AOYIXEG
mpotdoelg. Ou ouvaptioel Twv Aoywdy tpotdoewy optlovtal e StopopeTixd TpoOTO amd Tig
XAVOVIXES GUVOPTNHOELS XAl £X0LY BLapopeTiXd oxoTd UTapdng, Tov onoto Ou dodue mapaxdTe.

Yto oyfua 3.2 napafétouue éva TpdTo TapddelyUd TEoYeduuatog oty YAkooo Karooma.
Yo mopddetyuo autd vhomnoteltan 1 ouvdptnon tetpaywvixis pllag puotxod aptiuot (f(n) =
|vn]). Oa eZetdoouyue ) hettoupyio TOU TPOYEAUUATOS TO AVOAUTLXE 6T0 UToXEPGAaLo 3.4.1.

Ye autd 1o onuelo to wéva otolyeta g YAdooag mou dev £youvue meptypddel elvar ot
dnAdoeig representation xow theorems. Yta endueva unoxepdrota Ha dodue ) onuacio avTOY
TV INAOoEWY.

3.2 H djAwor theorems

Katéd ) petayrdtrion evég npoypdupatog Karooma, mpoxintouy Aéyw tov mpo-cuvinxdy
xol METO-ouVONXGY Sdpopeg Aoyuxég npotdoelg mou meénel va anodetyfolv. T moapdderyua
XATd THY ®AHomN TG ouVAETNoNG sqrt_aux nou eldaue oto oyfua 3.2 npénel va anoderyfel 61
TO TETPAYWVYO NG TUPAUETEOL aux elvol UixpdTepo (oo g tapauétpou n. O tepintdoelg 61ou
mpénel vo anodelylel pia Aoy npdtaoy elvon, mepthnmtind, ot napoxdtw. Ilio avaiutixd Oa
dodyue T amonthoelg avTtég 6To xePdAaLo 4.

o 6tav xaheltan pwlo ouVETNON, Teénel va uropoty va anodetyfolv ot Aoyués mpotdoeig
TOU AVTLETOLYOYY GTLS TEoouVIXES NG, aPol avTLXaTAoTAd00Y XATUAAGAWS OE AUTEG OL
TAPAUETOOL TOU TERVOUUE

o 6Tav mpoxnTeL pla T, anoTéAeoua GUVEPTNONS, TRETEL Va utopoly va anodetyBolv o

NoYWEC TPOTAGELS TOU AVTLETOLYOVY GTLE UETAGLVONXES TNng, agol aviataotalbel n Ty
EMOTEOPNS O AUTEG
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o Otav €youue pla éxgpaor if-then-else, mpénel v umopel va amodeiyOel 1 hoyuer mpo-
Taom mou avilotolyel otn ouvBrixy Tou if oto TEdTo TapaXAddL TNng Soung, Edv 1 cLUVBTXY
oy deL, xat 1) devnot g, €dv 1 cuvixn dev woylel. Etol e€aocpahilovue 6Tt xat ot d%o
Tapaxhddia tov if éyouue anddelly Twv npotdoewy Tou Yvwpeilovue 6Tt toybouy. I'Vauté
10 AGY0, anattolue Ty Unopdn anddeing yia ) hoywe npdtacy Cond(cuvbhixn tovu if,
ouvhixn tou if we hoywed| Tpdtao, devnomn e ouvBixme tou if we Aoy tpdtaon). H
ouvdpon hoyxdyv tpotdoewy Cond(b, p1, p2) elvon wia npoxafopiopévy e cuvdp-
o, 1 onola elvon Loodvvaurn ye ) hoywa] medtaon pr 6tay 1 ouvinxn b etvor akniic,
xot Loodvvaun ue TN Aoy mpdtacy, p2 6tav 1 ouvinxn elvon eudic. Etol, éyovrog
anddelln yio auth), £xovue anddelln yia TNV XatdAANAN nedTac ex TV dYo mhavdy.

Ot npotdoeig autég anodexviovtal and évayv unyavioud autéuatng anddetgng mou Stabétel
0 YETAYAOTTIOTAS. Autdg ypnoluonotel 300 o¥vola yia THY xataoxevy Twv anodelieny: 10
oUVoAo TwV Stuféoiuwy anodeléewy, xal 1o aUvolo Twv ewenudtwy. Xuviétel xataAAiAng Ta
OTOLYELX AUTAOY TOY GUVOADY TROS XATAOKELT) TWV ATOSEEEWY TwY TPOTdoEWY. AV oL TpoTdoELS
dev umopovv va anodetyfolyv, To mpdypauuo Oewpeitoar EOQPAAUEVO ol N UETAYAGTTLON TOU
tepuotileta.

To civolo 1wy Stabicuwy anodellewy eaptdtal and to onueto Tou TEOYEAUUATOS GTOY
Beoxdbuaote. Méoa 610 odUa LG CUVERTNONG UE OpLouéveg Tpoouvinxeg, Staufétouue ano-
del&elg TV AoYXK)Y TEOTACE®Y ToV aVTLoTOLYoVY 68 auTéG. 2NTo ahniéc uépoc ulag éxgppaong
if-then-else, éyouue anddeln yia TV Aoy nedtaoy nou avtiotolyel ot ouvbiixn tou if, evdd
070 eudéc, Eyouye anddelln yio TV deynon authg e nedtaons. Télog uetd v xhfon ulag
oLVAETNONG Ue opLtopéveg UeTaouviixeg, éxouue anddelln 1wV TEOTACEWY TOU AVTLOTOLYOUY OE
AUTEG, oY AVTLXATAGTACOUUE HATAAAAAGG TIC TLWES TV TAPAUETEWY TNEG CUVAETNOTC.

To olvoho 1wy Hewpnudtwy elvar otalepd o éva npdypauua, xal TepLypdpetal o Eeyw-
plot6 apyclo ue ovyxexpuévn olvtaln, to onolo ovoudlouue apycio Twv Bewenudtny. H
dAwor theorems evég mpoypduuatog Karooma umdpyet axplBoe dote va tpoodioplletal 10
apyelo Ty fewpnudtwy mou Ha yenowonowmbel and to unyavioud avTéUATNG ATOSEENS TOU
petaylwttiot). Ta Oewpfuata anotehodvton and pla Aoyt tpdtaon-at6y o, xabdc xal and
hoyuég mpotdoeig-unobéaeig. Enlong emtpénetar va €xouv xdmnoteg ehelbepeg petafintée. '
Tapddetyua, To fedenua “edv o puoxds aplbude v elvon Stdpopog tou 0 téte elvon yeyahvTtepog
loog tou 17, Ba elye we ehelBepn LeTafAnty 0 v, ¢ TpdTaoN-0TdY0 TNV “v peyaritepog (oog
tou 17, xou wg npdtacn-undleon v “v Sidgpopo tou 0. Emttpénovtat entong Oewpfuata ywelc
xapia Aoyw) tpdtaorn-undbeon, Ta onola anotedolyv adiduota.

To apyelo twv Oewpnudtwy nepléyel extdg and ta Hewphuata, xor Tig SNAGOELS YehoT
TV OLYAPTHCEWY TOU UTopolY va yenotdonombody otoug 6poug Twy AoYIXGY TPOTACEWY.
H dnaplt toug xplvetar avayxala Gote vo umopoldy va expeaotody AoyYxés TEOTACELS OV
dev umopolv vo expeaoToly aANOG, UE ATOTEAECUA Vo EYOUUE SUVATOTNTA YLo Lo axplBels
Tpodlaypapés 0photTnTag Twv cuvaptioewy. [ mapddeiyua, €dv pla cuvdptnon emoteépel
npdtoug apliuolc, ue dedouévn TN LopPh TOY AOYIXGVY TROTAoE®Y, dev Unopel Vo EXPEUCTEL
%At TETOL0 6N PeTaoLYENUN TG GUVARETNONG, EXTHC Xat EdvV oploouue Eva oYETIX xaTnYdenua
prime ye 6ploya axcpatlov uéoo 6to agyelo Twv dewenudtov. Iapouolng, Ha urogodoaue va
oploovue ulo ouvdptnomn Aoyuxdy mpotdoewy power ue dUo oplopata axepaiwy, 1 omolo Ha
aviotolyel otny Vhwon aplbuod o exbétny. Etor o unopoldooue va ddoovue ulo axpfn
petaouvinxyn v v avtiotolyn ouvdptnorn wéoa o éva mpdypauua Karooma.

No onuetdoovue 6Tl 1 EVOEXYLOUEVT TOXTIXY YL TOV Tpoypauuatioud otny Karooma
emPdihel To apyeio Bewpnudtey va elvar otalepd uetall Twv diapdpny tpoypauudtwy. Etot,
T fewpruata mou €youy eloaybel yio éva mpdypapua unopoly va enavaypnoiporoinfoly yia
xdmolo dAho, ot woévov edv ta dn undpyovia BewpRuata Sev apxovy Yio TNV andSelEn GALY
TOV TEOTAGEWY EVHE TPOYRPAUUATOS TRENEL Vo TpoaTifevtal véa.

Yto oyfua 3.3 gatvetor 1) olvtagn tou apyelou Dewenudtoy. O apyixds xavovag Tng Yeou-
patxerc elvan o thrmfile. ‘Onwg galvetar oto oyfua, 1 SHhwon evég Bewphuatog nepthapuBdvet
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({ptype)) == “nat” | “bool” | “prop”
((thrmfile)) = (predfunc)* (theorem)*
{{predfunc)) := “predicate” (id) “”( (ptype) “,”)* (ptype) “—”" (ptype)
((theorem)) := (prooftrm) (tvars) (rule)
((rule)) == (pred) “—7( (pred) “”)* (pred) “.”
| (pred) «”
{{prooftrm)) == “(" (id) “)”
((tvars)) n= e | “[( (tvar) “7)* (tvar) ]
(az)) o= () (ptypo

Eyfua 3.3: Lovtaln tou apyelou Bewpnudtwy g Karooma.

predicate prime : nat — prop.

(notEQUIsLEL) [n :nat] n>1+«n!=0.

SyAwe 3.4: Iopdderypa dnhdoeny Tou apyelov Hewpnudtwy g Karooma.

téooepa atoLyelo: €vol avay VoRLoTXG, TN dMAwor Twy ehellepwy uetaAntdy Tou Hewphuatog,
NV Aoy TedTaoN-0T6)0 Tou BewpAatog, xal Tig hoyég npotdocig-unobéoeic. To avayve-
ptotxd mpEnel va avtiotolyet ae évay dpo NFLINT nou anotedel tny anddelln tou Hewpfjuatog.
O 6pog autdg mpéner va mepthaufBdvetat, woll ue dAia ototyelo mou Ha dodue Topaxdtw, 6To
apyeto g avanapdotaons. o ) dfhwon plag cuvdptnong Aoyuxdy tpotdocwy apxel o Tpoo-
dLoploudc TwV THTWY TOV ToEAUETEWY TNG XoL Tou TUTOL arnoteAéouatos Tne. Na onueidoouyue
v tpoalnixn Tou véou tinou prop, o omolog elval 0 TUTOG TWV AOYIXGY TEOTICEWY — dNAadn
xdfe hoyue] mpdtaon meémer va €xel autd tov Témo. Enouéveg, yia va oploovue évo hoyixd
xatnyéenua, neénel va ddoouue autdy tov tomo emotpophc. Ta otovyela avtd o egetaotoly
ue peyaAltepn Aentouépeia 0To XeQdAaLo 4.

Yo oyfua 3.4 gaiveton éva mopddelyuo SHAwong cuvdeTnons AoYXGY TpOTAoEnmY (Tou
xatnyopfuatog prime yu npdtoug aptiuolc), xat éva tapddetyua dShlwong BewpRuatog (tou
fewphiuatoc v # 0 = v > 1).

3.3 H dj\won representation

‘BEva mpdypaupa Karooma uyetayrlwttiletat, 6nwg €YOUUE TEL, 08 EVOLAUECO XMIXA YLd TO
ovotnua NFLINT. O oyediaoudc tou ouothuoatog autod potdlel otn yhdooa Vero mou eldaue
070 xe@dioo 2.5, ue ) dtopopd 6t to NFLINT elvon yaunidtepou emnédov. Etolt to NFLINT
nepthaufBdvet plo yYAdooo tinwy (avtiotowyn e Yhdooa anodellewvy tne Vero), xou ula yhdoou
unohoytouey. I'ivetal yeromn singleton tinwy yia Toug axecpatoug, xa €ToL £vag axépatog 6pog
ot YAhooo unoroyioudy tou NFLINT eloaptdtot and uylo avanapdotacy autold tou 6pou oty
YAGOOW TOTWY.

H 34Awom representation yivetar oe éva mpdypapua Karooma dbote va npoodiopiotel éva
apyeto oty YAGooo Tou cuothuatog NFLINT, 1o onolo negihaufdver Tov opioud tou eldoug tng
AVATOPAOTAGTS TWY AXERALOY, XD XAl TNV AVATAEACTAGY TWY GTOLYELWIDY TEAEEWY UeTaE)
axepatlowy, 610 eninedo Twv tinwy. Enlong, npérnel vo mepthaufdvel tov oplopd tTwv dpwy mov
anodewxviouy Ta didpopa HewpRuata Tou Teplypdpovial aTo apyelo Twy Bewenudtwy. Télog,
mpénel va optlovton xoL oL 6pol 610 ENinedo T®VY TUMWV TOU AVUTAELETOVY TG GUVIPTHOELS
oY@V Tpotdoewy mou opllovTal 6To apyelo Ty Dewpnudtwy.
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(GTorLEprf) [z:nat, y:nat] Cond(x>y, x>y, x<y).
(LE_O_n) [n:nat] 0*0 < n.

Sytua 3.5: Oeopiuata yio To Tapddetyuo tetpaywvixhis ptlag.

Avdloya ye 1o €ldog g avanapdoTaons Twy axepaiwy 6To eninedo TV TUNKY TOU EMLAE-
YOUUE, X0l HE TNV TANEOPopla TOU TEQLEYETAL OTNY AVATAPAOTAOY auTH, TpoadloplleTar oL 1
duoxollo anddeling twy Oewpnudtwy. Edyv, yio tapdderyua, emhéouye n avanapdotaon tov
axcpatlowy va elval o povadialog TOMOg, omoTE €Y0UUE UNSEVIXH TANEOGOopia 6TO Eminedo TwY
oMWY Ao’ 6hot ou axépalol avanoploTavTal Ye TNV B, povadixt), otabepd, tdte 1 anddeln
OhwV TV Bewpnudtoy elvar ulo tetpiuuévy Staducaocta. o napddelyua, uropodue va “amodei-
Eovue” yia xdbe v xaw p 6T v < p, agold n oxéorn uxedtepo unofBaletar otny ndvta ainin
npétaon. H emAoynh autic tng avanapdotaong, 6nwg elval guoxd, cuvendyetat 6Tl dev €xouuE
ovotaoTixh anddellrn uepxic opbdTnTag yia Ta Tpoyedupata, apod Gheg ot suVHRXES LoyBouy
tetplupéva. Avtifeta, av emhé€oupe Ty mATen avanopdoTaoy Yl TOug axepaloug —dnhady,
»¢ oTovyela evOg TOTOU MO €XEL XATAGHEVAOTES VLA TO UNOEV XAl TN CUVAETNOT EXOUEVOU— 1)
anddelln Twv Dewenudtonyv elval cuyvd mohdmhoxy Stadixacta, ahAd eac@aiilouye Tn HEPLXN
0pfBéTNTA TWV TRPOYPOUUATWY.

e yelhovtueq éxdoon tng YAdooag 6mou Ba unootneilovtol xat avadpoutxol TomoL optoué-
vou and to yeHotn, 6twe o Tinog Alotag, to apyelo avanapdotaons o npénel va £xel TapduoLa
dhAwon avanapdoTtaong oTo eninedo THMWY xal Y autodg Toug Timoug. 'Etol, Hu umopodue
va emAEyoupe yia Topddetyua, av ot AMotec Bu avanaplotavtot we tov povadiaio tino (ondte
o tinog ™ Aotag dev elvan, ouolaoTixd, eEapTOUEVOS), UE axépalo TOU AVTLOTOLYEL 6TO Wh-
x0¢ s Motag (ondte o tinog g Aotag etvan e€aptduevos and to uhixog g Aotag, ot
UTOPOVUE YLOL TUEAdELYHO VA ATOSEXVIOUUE OTL 7 GUVARTNOY CUVEVWONS ALOTOV EMLOTREPEL
Mota ye uixoc loo pe 1o dpoloua TV UNXGY TV AGTOV-0ploUdTov), H axdun xat ye Aiota
TOU ETUNESOL TV THTWY (OTHTE UTOPOUUE Vo TPOSLAYPAPOLUE ETAXPLBME XL VO ATOBELXVIOUUE
mohUmhoxo xatnyophiuata 6nwe 1o eqv pin Alota elvor taivounuévn).

Ané to napamdvew elvar gaveph) N xenowdTTA TNE SUVATOHTNHTA TUEAUETEOTOINGNS TNG Ava-
napdotaong mov u yenowwonownlel uéow tng oyxetinng dMiwons. Etot, edv dev pog evdlapépel
1 uepwr 0pBéTNTA TOU TEOYEAUUATOS, ETLAEYOUUE TN LOVASLALX AVATUREGTAGY) XOL TEOY AU
tiCouue ye Tov I8lo TpdTo dnwg ot Pl xowvh cuvaptnolaxy YAGooo. Edv duwe pog evdiagpépel
7 opfdtnTa, emAéyouue TV mAen avanapdotaoy, émou Ha mpénel vo elodyouue xatdAANAA
Dewpruata xar anodeiovue yio doeg npotdoelg TeoxdPouy xatd TNV VAoTOINeT TOL TEOYEAU-
HaTOG.

'Onog xou 10 apyelo v Bewpnudtwy, ewpolue 6TL xat To apyelo g avanapdotaong elvol
otafepd (dev ypdoetar Eeywplotd yio x8be mpdypauua), GOTE oL ENEXTEGELS aUTOU YLd XETOLO
Tpbypauua va etval Stabéoiueg xon yio dhha. Eniong, elvon gavepr n olvdeon tov 300 Snhd-
ocwv: éva apyelo Bewpnudtwy mou €yel Ypagptel mpog Yphon UE TNV Xavovix)y avanopdoTtaoT
dev unopel va yenowwonowmbel ue v povadiata 1 xdmota GANT.

KXetvovtag va avagépouue 61t 1 tpéyouoa éxdoon tng Karooma €yet tig d0o mbavég avamno-
PAOTAOELS, xo Ta avTioTolya apyeia Bewpnudtwy Tou avagéoaue: Ty wovadiala avanopdotaot
7 omola avapépeTal wg unit xou Ty TANen avanapdotaon tou avagpépetal ws default.

3.4 Iapadeiypata npoypauudtwy Karooma

3.4.1 Tetpaywvixn plla puoxol aplbuos

Emotpégouye oto mopddetypa tou oyxfuatog 3.2, yio va eEETACOVUE TLO OVOAUTIXG T1 AEt-
Toupyla tou. 'Onwg elyoaue avapépel Tapandvew, oto npdypauud autd vhoToLELTAL 1) GLYVEETNOT
TeTpaywVig pllag guowcod aplfuod. T'a To anotéheoua g oLVAETNONG AUTHS TPEMEL Vol
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wyder: ([vn)])? < nA (Vi) +1)% > n). Avth elvar xar 1 yeta-ouvbixn g ouvdptnorg
sqrt Tou mpoypdupatog. H sqrt xakel v Bondntue} ouvdpetnon sqrt_aux, n onola doxuudlet
ogploxd toug puoxols aptiuoic Eexvdvtag and to 0, Gote va Bpel 10 anotéheoua Tng ou-
véptnorne. H sqrt_aux déyetar dVo petafAntéc — 10 apywd dploua n xaL TNV TeEYOUcA TN
mou doxwdletat, aux. H mpoouvifixn tng ouvdptone emBéiier To tetpdywvo tng aux va elvol
uxpotepo (oo tou n. Enouévewg yio vo teavornoteltol 1 uetacuviixm apxel 1o teTpdywvo tou
eMoUévou TG aux va elvat UEYAAUTEQO TOU I, oL auTdHg elvor 0 EAEYYOG TOL YlveToL TNV
vhornolnon tng cuvdptnong. LNy neplnTwomn mov autd dev LoyveL, d0xUALoVUE UE TOV ENOUEVO
apthud, Yo Tov omolo umopel va amodetyfel bt To TETPdAYWVSH TOU Elvon pixpdTEpo (60 TOU N
(ebva m dpvnom g ouvbnne tou if), Snhadh 1 npoouviixn e sqrt_aux toydet.

'Onwe napatneolue €yl Yenowwononfel n TAHeNg avanapdoTtaoy), ondTe Exel eVOLAPELOY VA
dolue mota Bewpruota elvol anapaltnta yioo T emTuy Y anddeldy Tng 0phdTnTAC TOU GUYXEXEL-
ué€vou mpoypduuaTog. Xto oyhua 3.5 gatvovtal dha to Dewpruata mou elvor anapaltnTa, ol
Tapaxdte Ha dolue nog anodetxviovior GAeC oL AOYXEC TPOTAGELS TOV TEOXUTTEL GTL TPENEL
va anodetyfoly and to npdypouud.

Zexwvolue and 1 ouvdptnon sqrt_aux. Kat'apydc, n yeron tne Souvc if-then-else ye
ouviixn (aux + 1) * (aux + 1) > n, npolnofétel anddelln yia TNV Aoy TpdTaoy:

Cond((aux+1) * (aux+1) > n,
(aux+1) * (aux+1) > n,
(aux+1) * (aux+1) < n)

H npétaor auth arodewxvietar ye yenon touv Oewpiuatog GTorLEprf, avixabiotdvrag
TN petafAnth x ye (aux+1)*(aux+1), xou ) yetafBAnt) y ue n. H emotpogn tng twuhc aux
®G ATOTEAEOUO TNG OLYAETNONS, 0T0 aAnléc tapaxhddt Tou if, mpolnobétel anddelén v Ty
TpéTOo aux * aux <= n, 1 omola mapéyetor ameulelag and v mpoouvlixn g cuvdpTy-
ong, xat ylo v mpotaon (aux+l) * (aux+1l) > n umdpyet anddedn Aéyow tou if. H xhfon
¢ oLVEPTNOTG sqrt_aux oto Peudéc mapaxAddl tou if, npotinobétel anddelln yia v npdTao
(aux+1) * (aux+1) <= n, 7 onola mapéyetar ancubeiag Aoyw tou if. To anotéleouo authg
e xhfong elvar xon to anotéhecua g cuvdptnong. 'Etol éyoviag tmy anddelln twv yeto-
oLVOINUAOY Yo To anoTéheouo auTtd and TV *AHOY TN CLUVAETNONG, £YOUUE TEOPAVHS oL TNV
anddelln Twv yetaouvinxdy g ouvdptnong.

Yt ouvdptnon sqrt, Aoyw g xAfong tng sqrt_aux, mpénel vo anodetyfel n mpdtoom
0%0<=n. Avutq amodewvietal ye ypron tou bewphuatog LE_O-n. H amddelln twv petacuv-
Onxddv elvon tpogavie.

Téhog, enedh) n ouvdptnomn sqrt dev €xet mpoouvlixeg, N xAfon g oTo anotéheoua dev
npotmobétel Ty Unapdn anddedng yio xdmola npdTAoT).

3.4.2 'Y{won aplBuol oe dbvoun

Y10 oyfua 3.6 divetor o xd3uxag yia éva mpdypauua Bpwong aptbuold oe ddvaurn. H vionolnon
¢ x0pLIC CLVEETNONG TOV TEOYPAUUATOS YIVETOL Ue TOV Tpoavy) TpoTo, dnhadr emotpépo-
vtag 1 edv o exbétng elvan 0, 1 emotpépoviag to yvéuevo tng Bdong entl to anotéleoua g
avadpoutxic XxAfong g ocuVaETNoNG KE TOV TROoNYoUUEVO eXDET.

INa va oploovue emaxplBoe ) yetaouvinxn g ouvdptnong, éyovue oploel oto apyelo
Dewenudtwy pla véa cuVdETNoN AoYLXGOY TEOTAGEWY, TNV power, 1) ontola AapBdvel 300 puotxoig
aptiuoic we oploypata xal emtotpépel enlong uoxd apliud. Emnione n vihomoinon autic oto
eninedo Twv TinwY uTdpyel oto apyelo avanapdotaons. ‘Etol n yetacuviixn g cuvdpetong
elvon anhd, to anotéAeoua TS ouvVdETNoNS va Loovtar ue TNy Yuon e Bdong otov exbén.

Ot dnAdoeig 610 apyelo Twv Hewpenudteny Tou elval anapaltnTES Yo TNV EMTUYN HETAYANDT-
TLoN TOU GUYXEXPWEVOLU apyelou gaivovtal 6To oyfua 3.7. H yedon tou if npotinoféter v
Omapdn anddeling yio v mpdtaoy Cond(y==0, y==0, y!=0), n onolo xatacxcvdletal yéow
Tou Bewphuatog EQorNEQprf. Xto aknbéc mapuxAdde tou if, n emotpoph tou 1 wg anoté-
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representation default.
theorems default.

function power :
X : nat, y : nat — r : nat [ power(z,y) == r]
is
if y == 0 then
1
else
x * power(x,y-1)

result is power(5,4).

SyAue 3.6: Ilpdypauua Sdpwong aplfuot oe ddvaun otnv Karooma.

predicate power : nat, nat — nat.

(EQorNEQprf)  [z:nat, y:nat] Cond(x==y, x==y, x!=y).
(natPowerZero) [z:nat, y:nat] power(x,y) == 1 «— y == 0.
(natPowerNext) [z:nat, y:nat, rinat] power(x,y) ==x *r

— power(x,y-1) ==r,y > 0.
(notEqOisGT0)  [n:nat] n>0««n!=0.

YyAue 3.7: Oswpripata yia to napddelyua Ghwong aptbuold o dHvaun.

Aeouo Tng ouvdptnong tpolnobétel Ty Yropdn anddelng yio Ty npbdtaoy power (x,y)==1, 1
omnoto anodewxvoeton and 1o Bedpnua natPowerZero, av ANovue unddn xal Ty anddelln ya
ouvinun tou if mou Slabétovue 610 MapaxAddL autd. Xto Peudés mapaxAddL, N EMLOTPOPY TOU
anoteréouatog tpolnobéterl TNy Unapdn anddelng yia Ty mpdtaoy power (x,y) == x*r, €dv
yYvweilovue 6TL v 10 T oyel power(x,y-1) == r. H npdtaoy anodeixvietar ye 0 yefon
Tou Bewpruatog natPowerNezt, To onolo amoutel xou ulo anddelln g nedtaong y > 0. Auth
anodewxvietol UE TN Xpnon Tou Bewpiuatog notEqlisGTO.

3.4.3 Y{won aplBuol oe dbvoun, ue yerion avadpouns ouvpds

Y10 oyfua 3.8 napovoidletarl éva mpdypauua mou vAomoiel Ty Uworn aptbuol oe dUvaun
ME TpOTO To amodotxd amd To mapddelyua tou oyfuatog 3.6. Autd emtuyydveTtal Ue T
xefion avadpouic ovgdc (tail recursion), ula yvwotd texvin Pektiotonolnong TpoypoudToy
CUVORTNOWX®OY YAWoo®)Y. Bdoel tng teyvinrg authg, otav yivetar pla avadpouxy xifon
oUVAETNOMNG, TEETEL VO UMY YPTOULOTOLELTOL TO ATOTEAECUA AUTHE WS LEPOC ULAC TILO TOAVTAOXNG
EXPPUONS, AANL VA EMOTREPETAL WG €YEL oAV anNOTEAEOUA TNG ouvdpTnong. 'Evag diepunvéag A
METAYAWTTLOTAS TN exdotote YAMGGAS, EQV evTtonioel avadpout| ovpds, unopel va extehéost 1
VO UETAYAWTTLOEL TNV avadpouixh XxAHom TNg ouVAETNONG UE TEOTO TLo anodoTixd and 6,TL ula
avadpoutxr XAHom ToU YENOULOTOLEITAL WG UEPOS EXPEAOTG.

Autéd duanoroyeiton g e€ng. Qg Yvwotdv 1 xAfon ouvapticeny yenotuonolel ula otolfa
6moL eLodyovTaL oL TapdueTeol Xxafdg xol 1 Ty AToTEAEOUATOS TNG EXAOTOTE XAfiong. Edv 1
T anoteréopatog plag avadpouxic xhfong yenoluwonoteital wg wépog Exppaong, TOTE UETA
10 PO TNG XAHONS TMEENEL VA Yivouy uToloylouol uéoa oty apytxn xAfon Tng ocuvdeTtnong,
om6Te oL mapdueTpol authg Oo mpénet va €xouv dtatnendel ot otolfa. 'Etot, oto apyixd mo-
padetyua Vhwong oe dOvaun v, xatavoolue 6Tl enetdn yivovtar v “puwiiacuéves” avadpouixés
xAHoELS, GOV TO AMOTEAECUN TNG ECWTEQIXOTERNS YENOLULOTOLELTAL 0TV auéows eEWTEPXOTERY,
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representation default.
theorems default.

function power_tlaux :
X : nat, y : nat, orig : nat, r : nat [ power(z, orig) == power(z,y) * r |
— res : nat [ res == power(z,orig) |
is
if y == 0 then
r
else
power_tlaux(x,y-1,orig,x*r)

function power_tlrec :
X :nat, y : nat — r: nat [ r == power(z, y) |
is

power_tlaux(x,y,y,1)

result is power_tlrec(5,4).

Syhua 3.8: Tpdypauua Ohwong aplBuold oe Sdvaun ue yerion avadpourc ovpds.

predicate power : nat, nat — nat.

(EQorNEQprf) [z:nat, y:nat] Cond(x==y, x==y, x!=y).
(notEq0isGT0) [n:nat] n>0«nl!l=0.
(natPowerZero)  [z:nat, y:nat] power(x,y) == 1 «—y == 0.
(natEqSym) [z:nat, y:nat] X==y <+« y==X
(natEqRefl) [z:nat) X == X.

(mult_one) [a:nat, b:nat, c:nat] a==b«—a==c*b,c==
(mult_one2) [a:nat] a == a*l.

(natPowerNext2) [z:nat, y:nat, r:nat, a:nat] a == power(x,y-1)*(x*r)

—y > 0, a == power(x,y)*r.

Eyfiua 3.9: Oewprjuata yia 1o medypauua Vpwong aptuol oe Shvaun e yernon avadpounc
oupdc.

%.0.%., T0 péyeboc g otoifag avidvel ypapud we npog tov exfétn. Edv duwe n T ano-
teréopatog plag avadpoulxic XANoNG XPNOLLOTOLELTAL WG £YEL WG ATOTEAEGUA XAl TNG APYIXNS
xMong (6nwe oty neplntwon g avadpoufic ovpdc), TOTE N eYYpapH NS apyLxic xhjong ot
otoifa umopel va avtixataotabel and ™y eyypapy g avadpouxtc xAfong. Katavoodue 6t
ot pla vhomoinon e Vpwaong ae Shvaun ue ypnon avadpounc oupds 1 oTolBa Tou TEoYEIUUATOS
éxeL otafepd uéyebog we mpog tov exbétn. Erol ylvetan e€owovéunon uviung.
Metatgénovue ouvifwg pla cuvdptnon ywels xefon avadpounc ovpd ot éva ue yenon, et
odyovtog pla eTaBANTYH 6ToU CUCOKPEEVETAL TO ATOTEAEGUA TG CUVAPTNONG. XTO TUPASELYUA
autd alvetol otn cuvdptnon power_tlauz 1 omola xdvel TOV OUCLAGTIXG UTOAOYLGUS. AuTh
déyeton téooeplg mapauéteoug: T BAon X, TNV TUPAUETPO GUGGMEEUOTS I, TNV TUEIUETEO ¥
Tou ex@pdlel néoeg QOpEC TEENEL Vo ToOMAATAAGLAOTEL axdun 1 Bdon x ue TNy TopdUETPO GUO-
owpeVaNg GoTe va £youue To 0pld anotéreoua, xabdg xar Tov apyxd exbétn orig, o onolog
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yenowsornoteiton uévo yia v axplB) npodiarypapn s ouvdetnong, dnAadh udévo uéoa oTIS TEo-
xan ueta-ouvhixeg. 'Otay n mapducteog ¥ yiver undeviny, T61e 6NV TUPIUETEO GUOGMPEVOTNS
€YOUUE TO ATMOTEAECUA TNG OLUVAETNONG. M€ SLAPOPETLXY TERITTWOT, 1) TAPAUETPOG CUCCHOREY-
orng tolhamhaotdletar axoun pia opd xat n tapdueteog y uewdvetal xatd 1. Xtig npoouvinxeg
NG OUVAPETNOTNG TEOJLAYPAPETAL 7] EVVOLOL TWV TALUUETEWY § oL T, EVK 1 UETaouVOTxY opllel
6Tl To anoTéAeoua TNS GLVAETNONS LoolTal Ue TN Bdomn vhwuévn otov apyxd exlitn.

H xdpwa ouvdptnon tou mpoypduuatog, power_tirec, xakel my cuvdptnon power_tlaux ye
apyw Twh 1 yio tov cuconpeuth. Eyxel v 8w tpodlaypagn ye ) ouvdptnon power tou
napadetypotog Tou oxfuatog 3.6, xau étol BAémovue 4L ula GUVAETNOTN UE CUYHEXPLUEVY Tipo-
draypapry urnopel va vhornownfel yue mtoAholg TpdmoUC.

H anédelln tne uepuaic opbdtnrag tou npoypduuatog elvar mo dvoxokn anéd 1o mponyos-
MEVO TORASELYU, AOY® TWV TLo TOAITAOXWY TEodLaYpap®y. LT1o oyfua 3.9 galvovtal ta Hew-
efuata mou elvar anopaltyta. Amé autd, Ta Tplo uTheyay B3N and To TEoNYOUUEVO TaEdSELYU,
ahAd €youvue xot mévTe xatvolpla. Ag Solue mdG autd Ypnoudonolovvial.  LTn ouvAETNoT
power_tlauz, oto ahnbéc mapaxhddt tou if mpénel va amodeiovue 6Tl r == power(x,orig).
Ané 1o Bedpnua natPowerZero éyovue 6t power (x,y) == 1, agod y==0 Aéyw g cuvirixng
tou if. Ané 1o Bedpnua mult_one éyovue 61l power(x,orig) == r, ool power(x,y) ==
xat power (x,orig) == power(x,y) * r and tn mpoouviixn g cuvdptnong. Téhog and To
Oedpnua natEqSym mou exgedlet ) ouyuetplo g oyéong “loo”, éyovue 6TL r == power(x,
orig) oagot power(x,orig) == r. Xto (eudéc mapaxhddL tou if n anddeln tng uetacuyv-
Ofxng g ouvdptnong Yo TV TWY ETLOTROPNG elval mpogavhg, apxel vo arodel&ouue Yl
™y avadpoulxf) xAfon TV oyl g npoouviixne. Ouclaotind mpénel va anodel&ouue NV
np6Taon power (x,orig) == power(x,y-1)*(x*r), x4t mov emtuyydvouue uéow Tou Oew-
ehuatog natPowerNext2. Ou vnoBéoeig autod tou Hewpiuatog anodewxvioviol ue ) yphon
e anddelgng mou €yovue and to Peudéc napaxhddt tou if (y!=0), to Oedpnua notEqlisGTO,
xau g mpoouviixNg TG cuvdpnong. XN ouvdptnon power-tlrec, apxel va amodeiovue TNy
oyl g meoouvinixng g power-tlauz yuwr Ty apywr Tg xAhon. Amnodewxviouue €tol ot
power(x,y) == power(x,y) * 1 ameubelog ue ypnon tou Oewpruatoc mult_onel. H and-
deln g toyvog g uetaouviixng g power_tirec mapéyetor and TV Aoyl TpdTAGY, O
oy Vel AOYw NG xAfong g power_tlaux.
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Kegdhaio 4

Kavéveg tOnwy xal onpactoloyia tng Karooma

210 TpOoNYOUUEVO XEQPIAALO ®AVaUE Ula &TUTY TapouclacT Tou 6uVOLou TN YAGGoag Karooma,
XATIAANAT VLo TROYPUUUATIOTES. LTO XEQAAAL0 aUTd Ol THPOUGLEGOUUE TOUS XAVOVES TOTKY
xal TN Asttovpyun) onuacioloyia tng Karooma, @ote va €yovue ulo avotnen popuoiiotixy
TepLYpap auThg, xdTL Tou Steuxoldvel T dnutovpyia EVEg EAEYXTH TUTWY XAl EVOG UETAYANT-
ToTh 7 Siepunvéa yia ™) YA®ooo. Xto téhog Tou xegahatou Ba dodue xdmowa otouyela yia To
TGS VAOTIOLACAUE TOY EAEYXTH TOTWY TNG YAGBOCUS, VG o€ ENOUEVO xepdhalo Ou neptypddouue
avaAUTIXE TOoV TEéTo Tou Yivetow o yetaoynuatiopds ané Karooma oe NFLINT. O ouvdua-
op6¢ auTol Tou UeTaoyNUaTLopos pe évay diepunvéa yia 1o clotnua NFLINT anotelet évay
dtepunvéa yio Ty Karooma, o onolog vhonotel ) hettouvpynr onuactoroyia mou Ha dodue oto
TUEOV XEPIAXLO.

4.1 Koavéves tonev tng Karooma

To agnenuévo ouvtaxtxd g Karooma nou Ou yenoluonotijoouue nopaxdtw etval to €€hg:

e == 1id | n | b | binop(op, e1, e3) | unop(op, e) | if(e1, ez, €3)
‘ id(ela €2, * en)
p == id | n | b | binop(op, p1, p2) | unop(op, p) | id(p1, p2, -+, pn)
7 == nat | bool
Tp == T | prop
o ou=ad:((id:7)" [p*] —id: T [p*])i=e
n= ((id:Tp)*, p, p*)
pf uw=id:Tmpt —71p
prg == (pf*,r*, f* €)

Y10 ouvtaxtixd autd, e elval To olUPBoAo ya Tig Expdoels, id To GUUBOAO TWY aVAYVW-
plotx®y, n 10 oUUPBolo Ty axépoiwy otalbepdy, b Twv Aoywdy otabepdy, evd p elvat to
obuBolo yu Tig hoywég mpotdoeig. Ou tdnol g YAdooag yua Tig exgpdoctg ouuBoiilovrol
ME T, VG Yo TG Aoyuxég npotdoets ouufoiilovtal ue 7p. Me f ouufoAilouye Tov oploud cu-
vapTNong, e pf ) 3RAwon cuvapTNoNG AoYXGY TROTAcEWY, UE T TN SHAwor Bewpuatog, xat
ue prg éva tAfpeg npdypauua Karooma. Autéd ovolaotind anoteleiton and tig dHAworn cuvop-
THOEWY AOYIXDY TEOTACEWY, TS INADOELS TV Bewpnudteny, Toug optouolc TV GUVIETACELY,
XOL TNY EXPEACT-ATOTEAECUN TOU TEOYEAUUATOC.

Ta nepPdhhovta Tou Ha yenotuonotioovue 6Toug xavéveg THmwy elvar To e€Ng:
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ctx ' o= | Tyid:r
functx & = | Did: 7" > 71
pretx PT :=.| PT,id:1p
prfunctx P® = - | PP, pf
proofctx I == .| I,p
rulectx ¥ ou=- E,r

| v

fullfncte ¥ ==

To nepiBdhrov I' Suatnpeel tig deoucdoels ovoudTwy, TepthauBdveL Yo TapddeLyo Ta ovo-
MOLTOL XOlL TOUG TUTOUG TWY TopaUETewy piag cuvdpeTnong Yo exgpedoels tov Beloxovtal uéoo ot
auth. To mepBdirov @ Satneel Toug TOTOUG TWY OpLoUEvLY cuvapthoewy. To mepBdilovia
PT' xav P® éyouv tny dta évvola alld apopolv Tl exppdoslg Twv hoyixdy tpotdocwy. Erot
10 P® mepiéyel T ouvapTHoel TwV Aoyxdv TpoTdoewy tou €xouy dnhwlel and 1o yehotn
070 apyelo Ty Dewpnudtwy, xabde xal Tig tpoxaboplouéveg cuvapThoeLg:

Succ : nat — nat GUVEETYOT) ETOUEVOU
Cond : bool, prop, prop — prop ocuvdetnon enthoyfic Aoyxhg tpdtacens und auvinixm

To nepPdhrov II mepthaufdver tig Aoyixég npotdoelg yio Ti onoleg €youue anodellelg oc
xdmoto onueilo Tou Tpoyeduuatog, evéd To X ta drabéoua Bewpuata. Téhog to mepBdiiov W
dratnpel Ty TAHEN TANEOPOEia Yo TIG 0pLOUEVES GUYAETAHOELS (OVOUATA XOL TOTOUG TOPUUETEMY
XaL TWAG EMOTROYHG, Tpo- xaL UeTa-cuvlnxeg). Ocwpodue 61t 6ha ta meptBdAhovta elvar
oUvoha, xou £tot dev emtpénetan Simhy) déoucuon tou (8tou ovéuaTog GE xAToLo ATd AUTA.

Ou omxés anogdoeig (typing judgements) mouv amotelodv ) otatixf onuactohoylo g
Karooma gaivovtal otoy nivaxa 4.1.

Tunue] andgoaon E&¥ynon

oI’ Fe:r TOTOG €xppacng

Po; PT" F pok €Yxupn hoyudi mpdtaoy

P®;® - fok €yxuprn ouvdptnon

P® F rok €yxvpo Bedpnua

-+ prg ok €YxUpo TEdYEAUM

PO X0 F* f ok | éyxupn xat hoywd €yxuprn cuvdptnom
- F* prg ok €YxUpo ot hoywxd £yxupo TpdYpaUUA

ITivaxag 4.1: Tumxée anogdoeic g Karooma.

'Eva npédypoaupa Karooma Oewpeiton xahde-tunonowmuévo (well-typed), edv unopel va mo-
paylel n Tumue andgaon - F* prg ok Bdoel Twv xavévey tinwy. Oo eEetdoovue TEOTA TG
TUTILXES ATOPACELS TTOU BEV EAEYYOUY TN AoYLX EYXUEOTNTA, XAl UETE AUTES TOU TNV EAEYYOULY,
doTL elval o TohdTAoxeC.

4.1.1 Tunuxég anogdoels Ywels EAeYY0 AOYLXNG EYXLEOTNTAS

Hapabétovue Toug xavdveg Tonwy yua Tig TUTLKES amoPdoeLs Ywple éAeyyo Aoyuig eYxuEdTY-
Tag mov meptypddaue Tapandve ota oyfuata 4.1 - 4.5.

‘Eva onuelo mov npénet va npocéouye elvor 10 e€R: 0TOUG XAVOVES THTWY Yo TIC AOYIXES
npotdoels, o tinog bool eivat unotinog (subtype) Tou tinou prop, dnhadt, énou neénel vo
xenotwsonownbel éxppoaon tonou prop, eivol emtpentd vo Tomobetniel éxgpaon tomou bool.
Enlong ou hoyuxol 1ehectéc unopodv va e@apuocstody yia TeEAoUUEVA Xal Twv dVo Tinwv. Na
onueldoovye 8 6TL dev unopolue va anoxAeloovue Tig exgppdotlg Timou bool and tic hoyuxég
Tpotdoelg, Tauti{ovtag Tov 1mo bool ye tov 1dmo prop, Aoyw Ty cuvapTicewy tou déyovtal
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td:7in I’
(e-var) ST F id:r (e-nat) ®:T + n:nat (-bool) ®;I" = b:bool

®;T' - e:bool opin{!}
®; " - unop(op, €) : bool

(e-uop-bool)

o' - e;:nat &' F eyg:nat opin{ +,—, %,/ }
®; T + binop(op, €1, €2) : nat

(e-binop-arith)

O;I' - eg:nat ;I F eg:mnat  opin {<,>,<, >, ===}
®;I" - binop(op, €1, e2) : bool

(e-binop-rel)

®;T F e;:bool @' - ey:bool opin {&&, ||}
®;T" + binop(op, €1, e2) : bool

(e-binop-bool)

®;I' - eg:bool ;T F ex:7 O F eg:7

_if
(e-if) ;T F if(ey, ea, €3) : 7
id: Ty, To, +++, Tn — Tret IN P
(e-func) oI e S'F ey oo BT F ey:7y,
;T - 7:d(ela €2, ", en):Tret

EyHua 4.1: Tomxd andgaon, ;1" = e: 7.

" PO, PT' - p:prop id : Tp in PT
(oK) 5% Pr I p ok o) =55 BT - id:p

(p-nat) P®:PT + n:nat (p-bool) PP PI" - b:bool

P®;PT' - p:7p 7pin {bool,prop} opin{!}
P®; PT' + unop(op, e) : mp

(puBorP)

P®;PT F py:nat PO, PT' F py:nat opin{+,—,%,/}
P®; PT' + binop(op, p1, p2) : nat

(pbAr)

P®;PT' + py:nat P®;PT + py:mnat opin{<,>,<,>,==,1=}
P®; PT' + binop(op, p1, p2) : bool

(pbRel)

PO®;PT' + py:mp  P®;PT' F py:7p 7pin {bool,prop} opin {&&,||}

bBorP
(pbBorP) P®; PT' + binop(op, p1, p2) : 7p
ilepl, TpQ, cee Tpn_>7-pret il’l P(I)
s P& PT F p1:7p PO;PT + py:7po ... PO, PI' - py,:7p,
P®; PT I id(p1, p2, s Pn) : TDret
_ PO®PT Fp:imp Tp<iT
(p-subtyping) PO PT F p- 7_p/ (p-bsubp) bool <: prop

Eyhua 4.2: Tumx andépaon P®; PT" F p ok.
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®:params$ b e: Tt Vpin Ppre : P®;params F p ok
Vp in Ppost : P®; params, idye; : Tret E p ok
P®;® + idfyne : (PaTams[Ppre) — idret : Tret[Dpost]) =€ ok

(f-ok)
Synpa 4.3: Tunuy andégaon PO; @+ f ok.

P®;0aTs - pgogr 0k Vp in Ppryp : P®;vars F p ok

-0k
(r-0k) P® + (0aTS, pgoals Dhyp) 0k
Eyfua 4.4: Tomuy andégaon PP F r ok.
Vrin 7 : P® + r ok Vfin?:P@;?l—fok ;0 - e:T

(6mov P® = prfuns, Cond : (bool, prop, prop) — prop, Succ: (nat) — nat)
.- (prfuns,?’,?,e) ok

(prg-ok)

Eynpa 4.5: Tomu andégaon - = prg ok.

optopata ténou bool. ‘Ouwg, Béhouue va ypnowonotolue ula €xgppaocn tinou bool oty Oéa
utag éxgpaong Timou prop, xat Y'autd etodyouue 1 oxéorn unotinwy. 'Etot, yua napddeiyua,
uta Aoywe] mpdtaon unopel va etvon ulo anAf aviodtnta wetadd axepalmy.

4.1.2 Tunmxég anopdoelg Ue EAEYYO AOYLXNG EYXLEOTNTAS

Ov tumixég anogdoeig pe éAeyyo Aoywig eyxupdtnTag eAéyYouv 10 XaTd 66O Unopovy vo
Beebolv amodetieig yio Tic SLdpopeg AoYIXES MPOTAOELS TOU TEETEL VA LXAVOTIOLOVVTAL, UECHK
TV Dewpnudtoy xou 1oy Swbéoweny armodeiewy. Mtneiloviar oty anépaon X;1I I p v
omola xafopilel To xotd T6c0V UTdEYEL anddelly Yo T Aoyix TedTacy p dedouévou Tou TEpL-
BaArovtog Oewpnudtwy X xat tou neptBdAlovtog Stabiowwy anodeilewy II. H andpaon avti
opiletar 610 oyfua 4.8. Enedf| n ovyxexpuévn andgaoy dev elvar anapaltnto anoxplowr, o
EheY)0g TUTWY UE EAEYYO hoyuic eyxupdtnTag evég npoypdupatog Karooma dev tepuatilet
anapaitnta. {20t600, enedy| o obotnua NFLINT €yer anoxpiowo éheyyo tinwy, av o éAey-
Y0 Aoywhg eyxupdTNTaC Tou Tpoyeduuatoc Karooma tepuatiost xol 0 UETAOYNUATLONOS O
%3 NFLINT yivel emtuyde, o 1eAixé exteréouo Oa unopet va eheyyfetl ue ula anoxplown
draduxacto yio weplx| opldtnta, mELY TNV EXTEREST| TOL.

Yto onuelo AUTO ELOAYOUUE EVAY UETACYNUATIONS and TNV apyixt| LOp@T TV EXPRACEWY
oc ula véa wop@n, N onola anAoTolel dpXETE TOUC XAVOVES TUTWY TWV TUTLXGOY OTOPACEWY Au-
tv. Enlong elvon ypRowun xatd ) yetdgpaoy oto obotnua NFLINT. Xtn yetaoynuatiouévn
Hop@n TV exppdotwy, dwuxpivovue Tic anhéc exgpdoelc (otafepéc, deoueuuéveg uetafBintéc,
xat Tpdete MeTall autdy) and T xAAoels ouvaptAoewy xat T StaxAddwon if-then-else. Mia
petaoynuatiopévy éxgpact anotedeiton elte and pla amhy Exgpaon eite and ula Stuxhddwon
if-then-else, ue ) ouvbfxn va etvon anhi| éxgpaor. Etot ol Staxhaddoelg elval pwhiacuéveg,
xan dev eugavilovial wg Hépog TV amA®yY exgppdocwy. Enlong, n xhfon cuvapthoewy yivetol
deouevovtag to anotéheoud toug o pla véa wetafBAnt. Tumxd, n olvtaln Twy HeTaoyNuo-
TLOUEVODY eEXPRdoenY elval 1 e&hg:

te = bind be in te | ise

ise = se | if(se, te, tes)

se == 1id | n | b | binop(op, sei, sez) | unop(op, se)
be = (id,id(se1, sea, -+, sey))
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lidlis =id [nlif =n [blig =0

lif (¢}, binop(op, €, e2), binop(op, €4, €2))]:f
, edv [er]iy = if(eq, €, €3)
[binop(op, e1, e2)]if = [if (e}, binop(op, e1, €3), binop(op, e1, €3))]iy
, edv [e2]if = if(€], €5, €f)
binop(op, e1, e2), Siagopetixd

lif (¢}, unop(op, €5), unop(op, €4))]s
[unop(op, €)]iy = ; edv [e]if = if(e], €3, €3)
unop(op, €), Stagopetixd

if (e}, [if(e5, e2, e3)]iy, [if(es, e, €3)]iy)
[if (e1, e2, 63)]]if = , €dy [[elﬂif = if<e,17 6/27 eg)
if(e1, [e2iy, leslif), Stapoperind

[[if(ek‘la id(elv €2, **y €k2, ", en)a
. Z‘d(elv €2, "y, €3, ", en))]]lf
id(er, ea, -, ex)lir = ? )
lid(er, e n)lis , edv [ex]lir = if(ex1, ex2, ex3)
id(e1, ez, -+, ep), StagopeTixnd

Yyfua 4.6: Metaoynuatioude [Jir : e — e

[id] fun = (0, id) [n]fun = (0, n) [b] fun = (0, D)

[binop(op, e1, €2)] fun=(be1 @ bea, binop(op, isey, isez)), edv [e1] fun = (be1, iser)
xau [ea] fun = (bez, ises)

[unop(op, €)] fun= (be, unop(op, ise)), edv [€] fun = (be, ise)
[if(e1, e2, e3)] fun= (be1, if(ise1, [e2] fun2; [€3]fun2)), €dv [e1] fun2 = (be1, iser)

lid(e1, e, -+, en)]lfun= (be1 ® --- ® be, ® {(new,id(ise;, isez, ---, ise,))}, new)
, edv [e1] fun = (beq, iser), -+, [en] fun = (ben, ise,)

[€] fun,= bind by in (bind by in (--- (bind b, in (ise))))
, €dv [€] fun = (be,ise) xar be = {b1, ba, ---, bn}

ExAuo 4.7: Metaoynuotiowds [ run 1 € — (be*,ise) xou [-] fun2 : € — te.

H apywet; woppn petaoynuatiletar ot ywopgh auth oe dbo otddo. Xto mpdto ([Jif),
vivetar n petatpony tov if oe polaouéva if, xar oto Seltepo ([-] fun2) Yivoviaw deouedoeic
METABANTAV Lo LS XANOELS GUVIPTAGEWY Xol €Tol e€dyovTal and Tig aniég exgpdoels. O ou-
vohxég petaoynuatiouss opiletar o [ rur = [[if [ fun2. O opiopés tov petaoynuatioudy
patvetar ota oyxfuata 4.6 - 4.7. e autd ouuBorilovue v xevh Mota e ) xaw ) cuvévwon
Aotdv ye L1 @ L.

Mnogoiyue Tépa va 3GOOUUE TOUG XAVOVES TUTWY YLa TLG TUTLXES amopAoeLg EAEYYOU AoYL-
G eYnLEdTNTAS. e autolg YpnoLdonololue xdnota otolyeta ywelc va ta oploouue emaxplBag,
OTOS TNY TAVTOYPOVY) AVTLXATEGTAOT LETABANTOY e exgppdoelc (Ue ouuPolioud e[z = €']) xa
™V douxh Lobtnta petalld exppdoeny (ue ovuBohioud e = ea). Eniong, yia amhonoinoyn twv
XxAVOVWY, Yenolponololue ot xdmota onueta to nepiBdihov ¥ atn Oéon tou nepiBdhiovtog P,
bmwe xou plo amhf éxgpaon (se) oty Héon Aoy tpdtaong (p), agold o petatponés uetall
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pin II
I 0 p

((T> : 7?)7pgoal’}Tyz;) in X
U TP (D= Pgoal [T 1= T] N VPhyp i Dyp 2 5311 1F ppy,[T = 7))
I IF p

Yo 4.8: Tumnd, andeaorn ;11 I- p.

10 IF plid := se]
U510 - p (id ~ se)

¥, II I Cond(seq, se1, negate(seq))
U300, se; IF p (id ~ teg) W3 310, negate(ser) IF p (id ~ tes)
U300 I p (id ~ if(seq, teg, tes))

. T N . N .
deunc : (dearams * Tparams [m] - Zdret : Tret[ppost]) ‘= €func 1M v
Vp' in ppre : B;11 I pllidparams == 5€)

NS B . . .
\I]; E; Happost[dearams = §7 Zdret = Zdbind] I+ p (Zd ~ tel)
U; 300 I p (id ~ bind (idpind, i1d func(5€)) in te’)

Syhua 4.9: Tunwf andégoaon ¥; 311 I p (id ~ te).

negate(id) = unop(!, id) mnegate(b) = notb

negate(binop( <, sej, sez)) = binop( >, sej, ses)
negate(binop( > , sej, sez)) = binop( < , seq, sez)
negate(binop( < , sei, sez)) = binop( >, sej, sez)
negate(binop( > , sej, sez)) = binop( <, seq, sez)
negate(binop( ==, sej, se2)) = binop(! =, sey, seq)
negate(binop(! =, sej, sez)) = binop( ==, sej, sez)

negate(binop(&&, se1, sez)) = binop(||, negate(se;), negate(sez))
negate(binop(||, sei, sez)) = binop(&&, negate(sey), negate(sez))
negate(unop(!, se)) = se

Eynua 4.10: H ouvdptnon dpvnong Aoyurc tpdtaong negate.

vty elvon tetplupéves. Ou xavdveg Sivovtar ota oyfuata 4.8 - 4.12, pall ye xdnoteg Boy-
Ontuée tumixée anogdoets. Na onuetdoovue 6t ue to ovufohioud p (id ~» te) evvoolue tny
VT TEoTaoN TG METABANTAS id pe ™) olvlety éxgpaon te uéoa otn Aoy tpdtaon p, xdtL
mou yivetaw anodoumdvtag T odvietn Exppaon ot ankéc, Oneg QatveTal oty avtioTolyn TUTLXY
andQAcT).

4.2  Avvapixr onuaoctoroyio tng Karooma

Y10 xepdhoto autd Ha mepiypddouvue 0 duvoux onuactohoyia tng Karooma opiCovtag
Aettovpyxd onpactohoyio tne (operational semantics). Ou tiég e YAdooog elvat oL axépateg
xan Suadixée otabepée. H xatdotaon nov Ha yenoiuwonotijcouye anotekeiton and v tpéyovoa
EXQpAoT UTO AMOTIUNOY XAL TNV OVILOTOLYNON OVOUATWY CUVARTACEWY UE TA OVOUATA TWY
TUEAUETOMY TOUG XoL TO 6Oua Toug. 'Etou:
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POV & idpync : (params|ppre] — idret : Tret|Ppost)) = € func Ok
Vp in Ppost : v E;% = p (idret ~ [[efunc]]full)
PO YW H* idpyne (params|[ppre| — idret : Tret[Ppost]) = € func Ok

SyAue 4.11: Tumxd andégaon PP;3; ¥ F* f ok.

-k (Ws,r%,?,e) ok
Yfinf : PO;rules; f +* f ok
Fi0F et Pd;rules; f F* “result” : (0)[0] — “resid” : 7[0] := e ok
(6mov PO = Ws, Cond : (bool, prop, prop) — prop, Succ: (nat) — nat)
- B (W&W, 7,6) ok

Eyfua 4.12: Tunog andgaon - F* prg ok.

v = n | true | false
s == (e, F) émou F: (id — (id*,e))*

Me [o] : v — v ovuPorilovue 1 onuacia Tou Tehesth evic Tehoduevou o. AvtioTtolya ue
[e] : v x v — v ouuPorilovue tn onuacia Tou teEleoTh 800 TEAOVUEVWLY O.

Béoel autdv, Stvouue oto oyfua 4.13 ) Asttovpynt| onuactoloyia g YAdooag. Ta udva
otolyela mou yenlouy oyohacuol elvatl 1o Yeyovdg 6Tt oL xAfjoels cuvapThoewy yivovtol Ue
népaopa xatd Ty (call-by-value), o étol  yYAdooa yapaxmpiletar and ntpdbuun anotiunon
(eager evaluation), xafd¢ enlong xoL 1o yeyovic dtt oL hoyuxés mpotdoels dev ennpedlouy Ty
EXTENEOY) TOU TEOYPAUUATOG.

H Ty Tou mpoypduuatog (p?, 7, ?, €res) TPOXVTTEL OTG TNY TUWH TNG TEMXHG XATAOTAOTS
TOU TROXUTTEL and TV apy X xotdotaon (eres, F'), 6mou

F(deunc) - (idparam57 efunc) -~

deunc : (dearams : Tparams[?] — et Tret[?]) = €func 1IN f

4.3 Ylomoinonm

H vlomoinorn tou eheyxth tomwy xou tou petagpaoth) and Karooma oe NFLINT éywve oe
yhdooo Ocaml 7 omola eivar plo WLontépmg anodotixn? ouvapTnoLaxXf YAGOGN GTO GTUA NG
ML. ITpotinfnxe dtétL n vhornolnon tou cuothuatog NFLINT éyel yivelr o1n yAdooo auti,
xuplwe Yo Aoyoug anddoong, ondte 1 6UVIEGY TOU UETAPEACTY UE TO UTEpY OV aVaTnUa elval
oA,

O eheyxtic tinwv vionohlnxe Bdoel Twv nagandve xovovey tinwy. T atoguyh tng
enavdAndne mapduolou xddxa, oty ukonoinoy €youue ouvbéoel tov éleyyo TOMWY YL EX-
pedoelg ot yio Aoyég mpotdoelc AOYw TNg ouoldtntdc Toug. Ernlong, o €heyyog hoyuic
eyxupdTNTag Yivetar xabdg xataoxeudlovtal ol anodeiéelg and To unyavioud avtéuatng edpe-
ong anodellemy xaTd TN LETAYAGTTLON TOU TEOYEAUUITOS, xou Oyt and mpwy. 'Etol o éheyyog
TEOXUTTEL EAAPEAS TLO AVOTNEOG and TOV EAEYYO Tou YiveTtal PAOEL TWV TAPATAVE XAVOV®LY:
oty tumx andgaon X; 11 I p apxel va undpyetl xatdAAnin anddedn yia v Aoyuxt tedtaon
P, ahA& oty vhomnoinoy pag mpénet pla Tétola amddegn va unopet va Bpebel and to unyavioud
autéuatng edpeong anodellewy. Enedh autdg o unyavioude dev elvar 6tny napodoa gpdon 1600
Loyvpoc ote va Peloxel anodellelg yia 6AeC TIC TPOTAOELS TOL Unopovy va anodetyfoly Bdoel
¢ TG amdpacng authg, o EAeYYog Aoyixhg eYxupdTnTag Elval XATWS TLo auoTNEOS.
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(v, F) — ([](v), F) (viowv, FF) — ([o] (v1,v2), F)
(if (true, €1, €2), F) — (e1, F) (if(false, ey, €2),F) — (ea, F)

(e, ) — (¢, F)
(o€, F) — (o€, F)

(elvF) - <6/17F) (627F) - (6/27F)
(e1o0e9, F) — (ejoey, F) (vioeg, F) — (vioé€h, F)

(e, ) — (¢ F)
(if (e, €1, €2), F) — (if(¢, e1, €2), F)

F(id) = (idparams: €body)

g > RN
(Zd(vpar(zms)yF) I (ebody [zdparams = Uparams]> F)

(eka) - (e;c’F)

(id(UhU?a'"7ek7ek+17"'7€n>7F) . (id(v17v27..')6;476k+17."7en)7F)

Syfue 4.13: Aettouvpyin) onuactoroyio tng Karooma.



Kegdhato 5

To ocbotnua notonotuévey exteréoitwy NFLINT

To oVotnua TOTOTONUEVWY EXTEAECLUWY YLd TO OTOLO TAEAYEL XOIXA O UETAYAWTTLOTAS
¢ Karooma ovoudZetor NFLINT. Eivon ovotaotind pla evdidueon ouvaptnoloxy YAGooo Ue
loyved olotnue OV, Toapadkayh ™S YAGooag mou neptypdgetar oto Shao et al. (2002).
To NFLINT yopiletar Aoywxd oe d%o emuépoug tuiuata: ) YAGooa THNeY oL T YAGooo
unoloyiou®y. H mpdtn mepthaufdver toug xavéveg tov THTKY xoL 08 qUTHY TEPLYRAPOVTAL
oL TUTIOL TWY SOUXADY UOVASWY TNG YAMOONS UTOAOYLOU®Y. TNV dedTepn AVATAPLOTOVTAL Ol
dtdpopes umohoyiotixés eviorés (mpdlelg petald axepalwy, xAjon cuvapThHoewy, x.AT.) xat
XOUTO GUVETELA OAT) 1) ASLTOURYLXOTNTA TOV TAPAYOUEVWY TEOYRAUUATOY.

H yAdooo tinwy elvar otevd ouvdedeuévn ue ) yAdooa vnohoytoudy. Kdabe npdypapua
exppacuévo atny deltepn £xel xat évay avtioTtolyo Tino, ex@pacuévo oty TedTy. Av ahAidiel
€va UEQPOG TOU TEOYPAUUATOS OTNY LTOAOYLOTXY YADGGA, ToTE O uTdpEet avavTiaTolyio Ue TOV
10 Tou. Auté €yel oav anotéheoua va unopel va e€axpBwlel ava tdoa otiyun N eyxupdtnTa
T0U TEOYPIUUATOC.

‘Eva axdurn yopaxtnetotind g evdidueong YAdooag lvan 1 Suvatédtnta teptypapic otny
YAGGoa Tinwy anodellewy yua oplouéves WLOTNTEC TOU TEOYEdUUaTos. Ou Widtnteg autég
unopolv va elvar apxeTd amAég, 6mwg N anddeldn 6Tl xdmown cLVEPTNOY emoTéPeL Ulo Ty
OUYXEXPLIEVOU TUTIOV, £wg apXETE TOAITAOXES, OTWS 1 ATOBEEN NG LoY YOS TOY TEocUVINXGOY
ulag ouvdptnong xatd Ty xhjon .

5.1 H I'hdooa twv Tirmyv

H yAdooo twv tinwy anotekel €vay moAuuoppxd A-hoyloud UE LTOGTARLEYN ETAYWYLX®Y dn-
AOoEWY, XL elval AEXETE XOVTE GTOV AOYLOUS TWV ENAYWYLXOV XATAGHEUDY.
O optoude e YAGooog tinwy o BNF uopen, stvo:

s = Set | Type | Ext
X =z |k|t
AB = s | X |IIX:A.B| AX:A.B| AB B
| Ind(X:A){A} | Constr(n, A) | Elim[4'](A:B B){A}

H yAdooo dev xdvel ouvtaxtixd Suéxplon HETALY ToY 6pwV XAl TOY THTKY, VG optlovTal
Toudy 3oy Sorts, ta Set, Type xow Ext. To 8o npdta aviiotoiyoly ota * xou L. 'Onwg
éyeL avageplel ot Oewplo Tou A-calculus, Set eflvar o Tonog Twv oLV, %o Type o Tinog TwY
TOALUORPXAOY TUTKWY. Ext elvar o tinog tou Type.

Ta unéhotna oTolyela TNG YAGOOUS, Elval XoTd TA YVWOTE and TOV AOYLOUO TWY ETAYWYL-
KOV HATACHEVDV:

o Ilz:A. B nou opilet tinoug, eaptduevoug and 6poug 1

o \z:A. B mou opllet ouvapthoeig

! Q¢ bpoL avagépovial 6ha to oToLyela e YAOGGAC, SNAadH xau oL TUToL.
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AB nou optlel v egopuoyt evog 6pou oe 6po

Ind(X : A){A} mov opilet évay emaywywd 10RO

Constr(n, A) mou optlel évav xataoxevaots tonouv A

Elim[A'](A: B B){A} mou oplle tnv avadpoune xAfn 070V XATUoXELAGTY EV6C GToL-
xetlou.

IMopaxdtw ypnowwonolodvrol ot e€fg ouuBoliopot:

A— B = IIX:A.B av X € FV(B)
BA = B A1Ay...A,

NX:AB = MX;:A;.TTX9: Ay, ... 1X,:A,. B

AMX:A B = AX1:A1.AX9: Ay, ... AX,,: Ay B

evéd ue A ovuBolifouue pla axolovbia and dpouc.

Mapandve yenowononxe to obufolo FV(A) , 1o onolo naptotdvel 10 69OVORO TV EAED-
Bepwv petafAntdy Tou 6pov A. Ehelbepeg yapaxtneilovue tig uetafAntéc evog dpou, ot onoleg
dev deouetovtar and xénoto A, II 4 Ind. O opioude touv FV() elvau:

FV(s) =0

FV(X) = {X}

FV(IIX:A. B) = FV(A)U(FV(B) — {X})

FV(AX:A.B) = FV(A)U(FV(B) — {X})

FV(AB) = FV(A)UFV(B)

FV(Ind(X:A){A}) = FV(A)U(FV(4) — {X})

FV(Constr(n, A)) = FV(A4)

FV(Elim[A|(A:BB){A}) = FV(4)UFV(A)UFV(B)UFV(B)UFV(A)
FV(A) = U;FV Al)

H avtuatdotaoy oplletat wg:

s[Z — R] =

Xtz 5 = (X AL
(IX:A.B)[Z — R] = { E?fﬁg:gf?g:ﬁ[sz Eii Eg)
(AX:A.B)[Z — R| = { ig;ﬁ[{g:}%}:g[[)zc:};]][zHR] Eig 83)

(AB)[Z — E]

AlZ — R B[Z — E]

(Ind(X: A){A})[Z — R = { g alls ez - wep- (1)

(Constr(n, A))[Z — R] Constr(n, A[Z — R]

(Elim[A')(A:B B){A})[Z — R] = Elim[A'[Z— R]J(A|
{AlZ — R]}

)
Z +— R|:B|Z — R| B|Z — R])

Ot %0 mepintdoeig Tou avaPEépovTaL AVTLOTOLYOUY OTIS Topaxdte ouviixes:

neplntwon (1) X # Z;, v xéfe i, xaw X € FV(R)
nepintwon (i) X = Z;, vy xénowo i, §# X € FV(R)

xa Y elvar pia xouvolpyta wetafAnty, tou Hewpodue ot dev cuvavtdtal o xavévay dpo.
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5.2 Aewtovpywxr) onuactoloyia

Hpoxewévou 1 yAtooa t0mwy Tou oploaue va Bploxet egopuoyy, Ha énpene va oploovue 1600
TOV TpOT0 ToV oL HpOoL NG YAGBOOUS amoTIuGVTAL ot anhovotepeg exppdoeic. Ilapaxdtw opi-
Covye T mpolnoféoec xdtw and T omoleg yivetaw anodexth o oyéon uetald dpwv, xot
axoua TG B, N %ol L avaywYES, avtioTolyo UE AUTEC ToU oploaue 6Tov A-Aoyloud. Avayxalo
axoua elval vo oploovue %o ) oyéon .edtnTog Yetadd Ty dpwy g YAOGoAS .

5.2.1 XvyPatéc oyéoelg

* ot éva oOvoro and

Eotw o oyxéon ~ uetald dpnv g YAdooous. Opilouue ) oyéon ~
bpoug WS TNV eAdyLOTY o)éon ToL XavoToLel Tig Tapaxdtw Tpolnobéoelg yia 6Aoug Tou bpoug
A, A" xou ovoda ané bpouc B, B':

A~A = A;B~*A;B

B~B" = AB~AD

M oyéon ~ Oewpetton anodexth oty YAGGGA TOTWY, oy LoYVOUY TO TAUEAXATE:
'Eotw X petafintéc, A, A", B, B, Q, Q" , épor xar A, B civoha and dpoug. Tdte npérew:

A~A = TIIX:AB~IX:A.B

B~B = IIX:AB~IIX:A B

A~A" = AX:AB~IIX:A.B

B~DB = M:AB~IIX:A B

A~A" = AB~AB

B~B = AB~ADB

A~ A = Ind(X:A){A} ~Ind(X:A){A}

A~ A = Ind(X:A){A} ~ Ind(X: A){A"}

A~A" = Constr(i, A) ~ Constr(i, A")

Q~Q = Eim[Q](A:BB){A} ~ Elm[Q|(A: B B){A}
A~A = Enm[Q](A;B@{A}NEnm[Q](A';B@{A}
B~B = Eim[Q|(A:BB){A} ~ Elim[Q](A:B’' B){A}

5.2.2 Avaywyég

Optlovue tig B, 7 xaL ¢ avaywYES, WS TLG WXPOTEPES CUMPBATES OYETELS TOU IXAVOTOLOUY:

(AX:A.B)A —5 B[X — A
AMX:A.BX —, B

(av X € FV(B))
Elim[A"](Constr(I, B) A": B B){A} —,

Dy, (Ci, Aj, A\ X :B'.\Y :BX Elim[A'|(Y:B X){A}) A’

(6mou B = Ind(X : B'){C} »ar B' = T1.X : B'. Set)
H ouvéptnon @ opiletar we:
Py (X A, A, B)
o, (IX":A".B A B)
&, (IX':A". X B') — B, A, B)

A
AX":A . ®y (B, AX',B)
AY:(IX': A 1B).

®, (B ,AY (A\X":A'".BB (Y X")), B)

Optlouue ) oyéon —, ©C 10 avaxhaoTixd ot UETABoTind XAelowo g oyéong —, YLo
X € {B,n,t}. Axbua —4,, elvar 1 évoon Twv —4, —, xaL —,, EVO —»4,, €lval T0 avaxhaoTixd
xoL petafoatind tng xhetowwo. Me tov ouUBOAoUd — %ol —» EVVOOUUE TA —g,, XOL —»g,,
avtioTolya.
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5.2.3 IootmTa

Optlouye v oyéon Lobtntoag =, , 1 onola tpoépyetar and Vv oyéon —, , 6nov x € {3, 1,1},
XOL TN OYEON = WS TNV EVOOT TELOV TEONYOUUEVKY.

5.3 Kavdvec tOnwy

To mo onuavtxd otovyelo pag yYAdooag timwy (6nwg dAAwote utodexviel xoL T dvoua
™m¢) elvar ov xavéveg timwy. Apywxd oplloupe éva alvolo and Bondnuxéc ouvapthoets, xa
OTY) CUVEYELXL AVAPEPOVUE TLS TEoUTOBETELS XdTw amd Tic omoleg xdle dpog g yYAdooug elvar
aTodextoc.

5.3.1 Bornintixéc ocuvaptrioelg

Ilpwy oploouue Toug xavdveg TOTWY NG YAKMGGAS, anapaltnTto elvor vo oplotoly xdmotot Bon-
OnTicot dpou.

o Octuxéc eugavioeic (Positive Occurrences).

X#Y, X&€FV(A) XEFV(B) (v xdbei)
pos, (IIY:A. X B)

o Kohd oplouévol xataoxevaotéc (Well Founded Constructors).

X ¢FV(A) (v xdbe i) X#X  X¢FV(A) wfcx(B)
wfcy (X A) wicy (TIX": A'. B)
posy(A)  wfcyx(B)
wfcx (A — B)

e Muxpdbe timog xataoxevaoty (Small constructor type)
H ouvédptnon small emotpépel aknbf 1w, av o bpog elvar axorouvbia and ywvbueva, xdbe
uetafAnTy Ty omolwy €xel tomo Set xat To aGdUa Tou Yivouévou elvar yla axolovbia and
eQapUOYES, 1) omolo Eexivder and TNy eAelbepn ueTaBANTY tou ddoaus wg TapdUETpO.
A F Al:Set (yx xdbe i)
A+ smally(ILX": A, X A)

e Yuvdptnon 1.

Xenowonoteitar yal t1ov €Aeyyo tng anooVvieong enaynyxd oplouévey THTWY.

Uy (X A A, B) AA B

Uy, (IIX":A. B, A, B) XA Uy, (B A BX')

Uy, (IIX":A.XB)— B, A,B) = NY:(IX":A.IB). 11X A.
AB (YX') — U, (B ,A BY)

o Ilohhamhéc exgppdoeig
Ou moAanAég exgpdoeig dev anoteholy xdnolwo otolyelo g YAGooog, aAld elvor pia
xeNoLun ouvtouELoT).
AFA:B AX:BFA:(X:B)
AFe:(e:e) AFAA:(X;X:B;B)
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5.3.2 MetafAntég o otabepés

(X:A)eA
AFX:A A F Set: Type A + Type: Ext

5.3.3 Iocoduvauio TOT®Y

5.3.4 Tuwouevo, agalpeon xol eQApULOYY)

AFA:s; AX:AF B:sys (s1,8)€ER
AFIIX:A B: sy

AX:A+B:B AFRIIX:A B :s AFA:TIX:B.A A+ B:B
AFMNX:AB:1IX:A. B A+ AB: A[X — B

(Set,Set),  (Type,Set),  (Ext,Set),
6mou R = q (Set,Type), (Type, Type), (Ext, Type),
(Set, Ext),  (Type, Ext)

5.3.5 Enaywywol opiouol

A+ A:Type A=TX:B.Set
AX AR Aj:Set  wfex(A4;)  (yo xdbe i) A=Ind(X:A){A} AF A:A
AF Ind(X:A){A}: A A F Constr(n, A) : A,[X — A]
B= (X B){A} B =11X:B Set
- B: ( /) A+ A:BB AF A:1UX:B.BX — Set
A A; Uy 5(AL A, Constr(i, B)) (vio xdbe Q)

A b Elim[A(A:BB){A}: A BA

B =Ind(X:B'){4’} B =11X:B Set
A+ B:(X:B) A+ A:BB A+ A :TIX:B.BX — Type
A AUy (AL, A Constr(i, B)) A, X :B' I smally(4) (via xdbe i)
A+ Elim[A)(A:BB){A}: A BA

5.3.6 Ilopayobueveg Oewpleg

Me Bdon v Bewpla xar Toug xavdveg mou avapéohnxay urtopody va optehody Ta Topaxdte
oTolyela g YAGooog TUnwy, Ta onola anotehovy Wi Bdon yia Ty vAomoinomn ey anopaltnTtey
TOTWY TOU YENOWLOTOLOUVTAL 6TNY YAOGGa utoloyiouny. Na onueidoovue 6Tl 1) YAOOoA TUTWY
vnootnpilet tig Inhdoeis ouvbetnudtwy (modules), nov ouadonololy tohés dnhdoels ot éva
x0wd YGpo ovoudtwy. H vrootipdn auth elvon xabapd cuvtaxt, agpot dev emnpedlet Toug
xavéveg TOmwY %ol T onuactoroyia g yYAdooag. Edv pla dAAwon v ) otalepd B éyel
yivel péoa oto ouvlétnua A téte avagepduaote ot avthy wg A%B. Tuyvéd napaleinovue to
6voua Tou ouvbeTiuatog, dtav autd elvol Tpopavée.
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Twrég Anbeiog: Zuvhétnua Bool

Bool : Set

= Ind(X:Set){X; X}
true : Bool

= Constr(0, Bool)
false : Bool

Constr(1, Bool)

bnot : Bool — Bool
band : Bool — Bool — Bool
bor : Bool — Bool — Bool

Cond : Bool — Set — Set — Set

Pduouxol Apibuol: Xuvlétnua Nat

Nat : Set

= Ind(X:Set){X, X - X, X — X}
natZero : Nat

= Constr(0, Nat)
natSucc : Nat — Nat

Constr(1, Nat)

natPlus, natMinus, natMult, natDiv : Nat — Nat — Nat
bool_le, bool_lt, bool_ge, bool_gt, bool_eq, bool_.neq : Nat — Nat — Bool
LE,LT,GE,GT : Nat — Nat — Set

IIpotaciaxds Aoyiowos: XuvBétnua Prop

prop True : Set
propFalse : Set

propTruePrf : True

propNot : Set — Set
propAnd : Set — Set — Set
propOr : Set — Set — Set
propEq : ITa:Set.a — a — Set
Aowwa

Unit : Set

= Ind(X:Set){X}
unit :  Unit

Constr(0, Unit)

5.4 H I'hddooa Yroloylouov

H yAdooa umohoyioudy elvo uia yYAdooo oyetind uvdpniol emnédou n onola ypnowonoweitol
and 1o petayAottioty g Karooma wg evdidueon. e authv avanoplotavial OAeg oL Sout-
%€¢ LOVABES XAl oL UTOAOYLOTLXES AetToupyleg Tng apyxfic YAwooas. Tao mpoypeduuota mou
elvan exgpacuéva oto NFLINT unopoldv va extekeotody oe évay yetayhwttoth (compiler)
1, Siepunvéa (interpreter), agot agopebel 1 Yhdooo tinwy xau napoyeivel wbvo 1 yYhdoou
UTOAOYLOUEOY.
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Ed3¢ Oa e€etdoouue 10 unocivolro g YAGocag utoloyiousy tou NFLINT mou eivon ypih-
oo Yl TN petdgppaoy g Karooma. To mifpeg ovotnua €xel enlong unoothpln yia tino
mhetddag, vrapdlaxoie xat xabohixols THTous we Tpog otolyelo ye tino Type (avti uévo yia
Set), xo axépatouc.

5.4.1 TVrov tng I'\dooag Yroloyioudy

Kat’apydc npénet vo tpoodloplotody 6to ouvbétnua Repr ou avarnapactdoelg 670 eninedo tov
OOV TV 6ToLYElwY Tou eméSou TG YADOoug unoloyiouod. Enedh ubvov ov puoixol aptbuol
€YOLY TAPOUETELXY) AVUTAPACTACT, 6TO EMUNESO TWV TONWY, To cLVOETHUA auTO TEénel Vo ExEL
Y Topaxdte woppth. Enlong mpénel va mpootefolv xou oL avanapasTdoelg Twv cuvapTioEmy
AOYWXOY TpoTdoemY Tou €Youv 0pLoTel oTo apyelo TwY Dewpenudtony.

Repr%Nat : Set
Repr%natZero : Repr%Nat
Repr%natSucc : Repr%Nat — Repr%Nat

Repr%natPlus . Repr%Nat — Repr%Nat — Repr%Nat
Repr%natLTbool : Repr%Nat — Repr%Nat — Bool%Bool

Repr%natLTprop : Repr%Nat — Repr%Nat — Set

To 6ivohro 2 AoV TV THTEY TNS YADGGGAS UTOAOYLOUGY 0plleTal ENAYOYXE 6TNY YAOGoN
TRy wg e&ic:

Q : Set

snat : Repr%Nat — Q
sbool : Bool — Q
arrow . Q—-0-Q

foralls, : IIk:Set.(k — Q) — Q
existss,, : Ilk:Set.(k — Q) — Q

[Mapatnpodue 6Tt yia Toug guowcots apliuode xal Tig Suadixéc TWég yenoLuonolobvTol
singleton tinot. Opilouye enlong Ti¢ TUEAXATL CUVTUNOELS YLoL TOUG UTEAOLTOUE TUTOUG:

T —» Ty = arrowT| Ty T, T : Q
Vsat:k. T = forallsy k (At:k.T) k:Set,7:Q
Jseet:R.T = eXistssy k (AL:K.T) k:Set,7:Q

5.4.2 'Opot g I'\®oocag Yrnohoyioumdy

H agpnenuévn obvtadn g YAGGoag utoloyioudy etval 1 axdlouvln:

e == x| n|bl|opel eope
| lambda z:7.e | e; e2 | poly X:A. e | e [A] | letrec Z:T=¢€] in e
| pack(X:B=A,e:7) | unpack e; as (X:B,z:7) in ey
| if[B,A](e,Xl.el,X2.62)

op =+ —|x]/[==]!=]<|>]<=]>=]&&][]|
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omov ¢ petafBAnTh NS YAGOOUS UTOAOYLOUADY

X ¢ METaBANTA e YAGOoag UMKV
A, B : bpoL NS YAGooS TOTWY

n,i,c,b 1 xhetoTtol Gpot TG YADOGUG THTWY
P € N

ITo avahutixd ot exgppdoetg g YA®ooog eivar ou e€hg

n @ xotooxevdlel o otabepd Quaxol aptiuol, timou snatn, 6mou N N AVATAEICTACT) OTO
eninedo Twv UMY g otabepdg

b : xoataoxevdlet wa otabepd bool, timou sboolb, énou b 1 avtiotolyn T 610 eninedo TV
Timev (dnhadf elte Bool%true site Bool%false)

op e : epapuoY? Tou TEAEOTY| UE €Va TEAOUUEVO 0p GTOY 6pO €.

e; 0p ez : €QaEUOYY TOU BuAdLXOU TEAEGTH 0p 6TOUE 6pOUG TNG UTOAOYLOTLXG YAGGOAS €7 Xal
es.

lambda z:7. € : av&VLUYN CUVEPTNOY UE Ui TAPEUETPO T TUTOU T ol GOUA €.
€1 €2 1 EQPALUOYT TNG CUVARPTNOTC €7 OTNY EXPPITT) eg.

poly X:A. e : avodvuun mohupop@uxh) ouvdptnon ue topduetpo timou X 1 onola €yel témo
vdmidrepng tédénc A xou ye adua Tov bpo e.

e [A] : egopuoyh g TOAULOpPLNAC GUVEETNONS € Ve BTOY TUTO TG UTOAOYLOTXAS YABGGOC
A.

letrec Z:7 =€ in ¢’ : emtpénel v avdbeon cuuBolxdy ovopdtwy z; Y Toug Gpous e,
dnidvovtag 6Tt autol Eyouv tino 7; avtiotoiya. Me tov Tpdéno autd unopel uéco 6TOV
bpo ez va yivovtar avapopés ota 7; oL omoleg avtixabloTavtol ue Tov aviiotolyo 6po e;.
Me tov 1pémo autd yivetow duvath 1 xAfjon cuvapthoewy Bdoel cuufolixdy ovoudtwy,
Omwg %o 1) VAomoinon tng avadpouns.

pack (X:B = A, e:7) : dnuovpyel éva vraplioxd “naxéto” ue éva Leuydpt uetaBANThc THNTOY
X xau éxgpaong e. O tdmol toug elvon avtiotolya ov B xouw 7. Xty yetaffAnth X
unopel va avatebel n i tou dpou A, Stov timou. Etat ol avagopéc tng X péoa oto
e deouebovtal oty T auTh.

unpack e; as (X:B,z:7) in eg : avolyel évo unapZloxd moaxéto e; mou €yet dnuioveynlel
UE TNV eVvToAY pack xou deouclel yéoo oTov 6po ez v WetafAnti X otnv Ty mou
€yeL 0 6pog TUMOU 0TO TAXETO XL TNV UETABANTH T oTov 6po mou meplelye To maxéto.
Me tov tpémo autd, 1600 1 peTaPAnth TUNOU, 660 XaL 0 BP0 TOU TAXETOU UTOPOUY VA
xenowonownfoilv and tov oo es.

if [B, A] (e, X1. e1, Xo. €2) : doun dtaxhddwone otnyv onola e elvar 1 cuvBhxn, e; o dpog mov
emAéyetal oty nepintwor mov 1 ouvhHxn elvan aknbfc xat ez o bpog Tou emAEyETAL GTNY
nepintworn mou N ouvii elvar Peudhc. X; elvar 1 anddelln 6t to e elvon ahnléc uéoa
oty e; xoL Xp elvo 1 anddeln 6L to e elvon Peudéc péoa 6To eg. B elvan 1 ouvdptnoy
Tov emLoTEEPEL TOY TUTO 6ANG NG douhs ouvapthoel ™S TS T auvhixng xat A elvat
wioe amddel€y yioe Tov THmo mou emoTteégel To B.

Ou tedeotéc g YAGooog utoloyiopol Beloxovtatl oe avtiotolyia e autods e Karooma
XL TEQLYPAPOVTAL ATO TOV HAVOVA OP.
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5.4.3 Koavéveg TOnwy

O xavéveg TOmwy oty LTOAOYLETIX YAGGGA avaypdpovTal Ye Tov ouufoioud AsT' F e 7.
Auté onualivel 6t und g polinobéceilc nou opilovtar ota mepBdilovia A (tng YAdooug
wnwv) xa I' (e yAdooag utohoyioudv), o épog e g YAGGGac VTOAOYLOUGY éxEl THTO T,
o omolog avixel 6to aivoro (1.

MetaBintég xaw Xtabepég

(x>T)el
AT Haoo T A;T F true > sbool Bool%true

A;T F false > sbool Bool%false

A;T F n > snat (Repr%natSucc - - - (Repr%natSucc Repr%natZero))

n @opég
MeTatponn
ATFerr 17=171
AT Fes 7
Teheotég

ApBuntixol Teheotég

A;T F eg >snatng AT F eg > snatng
A;T F eq+ ey > snat (Repr%natPlus ng ng)
A;T'F e psnatny AT F es > snatne
A;T + e; — ey > snat (Repr%natMinusny n2)

A;T'F eg psnatny A;T F ey > snatng
A;T F eg xeg > snat (Repr%natMult ny ng)
A;T F eg psnatng AT F eg > snatng
A;T F e1 /ey > snat (Repr%natDiv ng ng)

Yyeoraxol Teheotég

A;T'F e psnatny AT F es > snatne
A;T + e; ==ey > sbool (Repr%natEQbool ny nga)
A;T'F e psnatny A;T F es > snatng
A;T F e ! =eg > sbool (Repr%natNEbool nq ny)

A;T F eg psnatng AT F eg > snatng
A;T F e1 <ey > sbool (Repr%natLTbool nq ng)
A;T'F e psnatng AT F es > snatne
A;T F e > ey > sbool (Repr%natGTbool ny ns)

A;T F egp >snatng AT F eg b snatng
A;T F e; <=ey > sbool (Repr%natLEbool nq ng)
A;T'F eg psnatny A;T F es > snatng
A;T F e; >=ey > sbool (Repr%natGEbool nq n9)
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Aovwol Teheotég

A;T' F eg > sboolby  A;I' b ey > sbool by
A;T ey andey > sbool (Bool%band by by)

A;T' F eg psboolby  A;I' b ey > sbool by
A;T  ejandey > sbool (Bool%bor by bs)

A;T' e > sboolb
A;T' + note > sbool (Bool%bnot b)

Yuvaptroelg
AF7:Q ATlyzorthken 7 ATFepr—7 AT FebdT
A;T' + lambda z:7. e > 7 — 7’ AT e eg> 7/

AFA:s AX:ATFerr s {Set Type}
A;T' F poly X:A. e> V. XA T

AT F e foral,bl A7 AF A:A AT Z> TR T ATE>THedT
AT He[AlpTA A;T F letrec Z:7T=¢€] inea > T

ITaxéta
AFA:B AFB:s ATFert{X— A} se{Set, Type}
A;T F pack(X:B=A,e:7)> 3, X:B.7

AT e pexists, BT AX:BF7:Q AX:BT,2>o7XFeyn>1
A;T F unpack e; as (X:B,x:7) in ey > 7/

Aopég Ataxhddnorg
AF B:Bool -Set A;I'Fershooldb AF A:Bb
A, X1:Btrug;gI' F ey > 7 A, Xs: Bfalse;T" F es > 7
A;F Fif [B,A] (6,X1.€1,X2.€2) > T

5.4.4 Aeitovpyixn Ynuactohoyia
Tuuég

Y1ig Tiwég avixouy ot otafepés PuoKOY aptBUutdy KoL AoYIXGY TWOY TS YADOOoHS UTOoYL-
ooy, oL GUYAETAGELS WS TEOS 6p0 NG YAKOOUS UTOAOYLGUOU 1) TNG YAMBGoUS TUTWY, Xxabdg
eniong xat oL TWég mou anofnxedovial oe ToxéTa.

v = n | b | lambda z:7. e | poly X:A. v
| pack(X:B=A,v:7)

H Xyéon Yroloyiowoi

H xotdotaon mou Ba yenoiworombel oty oyéon unoloyiouod anoteleltar uévov and v €x-
peaon e und anotiunon. Opllovue Ty oyéon uToAoYLoUOY — Gay TNY UXEHTERT UTONOYLOTUIX
ovufoty oyéon N omold IXAVOTOLEL TIC AVAYWYES TOU dLVOVTAL OTLS ToRAXAT® EVOTNTES. XLN-
peLdveTaL OTL 1) o)€an UTOAOYLOUOU ayVoel eVTEADS OAa Ta GTOLYEld TNG YAGGGS TUTWY.

SupPorilovye wg [o] : v — v ) onpastia tou Tekeoth evdg TEoUUEVOL ©, xou w¢ [o] v —
v — v TN onuaocta Tou TeAeoTh 8o TeEholUEVWY O.
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V] 0 Uy —  [o] (v1, v2)
o —  [o](v)
(lambda z:7. €) v — e{zr+— v}
(poly X:A. e) [B] — e

e{Z — v{Z — w}}
6mouv w; = letrec ¥:7 =7 in z;
unpack pack (X:B = A,v:7) as (X":B',y:7) ine — e{y— v}
if [B, A] (cbool [b], X1.e1, X2. €2) — e av b= true
if [B, A] (cbool [b], X1.e1, X2. €2) — e av b= false

letrec Z:7=vU in e
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Kegdhato 6

Metaoynuatiowds tns Karooma oe NFLINT

H Swduxactio petdgeaons evég mpoypduuatos Karooma oe xdduxa yio to NFLINT etvat 7
e€hg. Apywd, ovunepthapufBdvouue Tov xGd3xa Tou apyelou Tou oplletan and v dHAwon g
avanapdotaong (representation), otov onoto npénet va nepthaufdvoviar Snhdoeig oto eninedo
OOV, OTKG 0 ENAYOYXOC 0pLoudS TV axepalny, To cuvBétnua Tng avanapdoTaong mou
avtioTolyel Toug Bacixole TUTOUG UE TOV THTO TNG AVATAPAGTAGTG TOUS 6TO ETUNESO TOV TUTWY,
%xA0DS XAL TNV AVATAEEGTACT, TWV GTOLYELWIDY TOUC TPdEewy, xaldc xaL TOV ETAYWYIXS 0pLousd
Tou ouvélou Q, dnhadh Twv TinwV NG YAGGoug umoloyiouoV. ‘Eneita petagpdloviol ol
opLopol ouVaETAcENY ot avtioTolyoug 6poug g YAOGoag utoloyiouol tou NFLINT, xabdg
XL TO AMOTEAEOUA, WG Ula cUVEPTNOT oL dev déyeton xavéva dptoua. To cuvolxd TEdYpaUUA
elvor ulo doun letrec, émou yivetaw auolBata avadpouixs; SHAGGON TV GUYIPTAGERY, UE GOUA
NV €xgppaoy) Tou €yl Tpoxiel and TN UETAPEAOT TOU ATOTEAEOUATOS.

Yra mopaxdte Ou ddoouue ula auetnen meptypapr Tou THOC yivetow 1 uetdppacy, uiag
ouvdptnong, opllovtag €va aYVOro ZexwELoTAOV UETAGYNUATIONAOY Tou Oa yenoluoroiniolyv.
Eva onuavtid péeog e dradixaotog Uetdppaons, o unyaviouds xataoxevrc anodeiewy, Hu
Tapouclaotel e EEXYWPLOTO LTOXEPAANLO, AOY®W TNG ALENUEVNE TOAUTAOXGTNTAS TOV.

6.1 Metdgpaorn ouvdetnong

Kat’apyds va onueidoouue 6t o1n Sladixactio UETAPEOOTS YETOULOTOLOUYTAL OL UETAOY NUATL-
opéveg Exppdoelg Tou oploaue 6To xe@dhato 4.1.2 o byt oL apyéc exppdosLs.
Ou ypeaotolue T e&g empuépoug dradixacteg:

e uetdgpaon tinou e Karooma oe xatacxevasti tinou and to Q (euuporioude ctor(r))

o uctdgpaon tUmou tng Karooma otov timo tng avanopdotacnc 6to eninedo THMWV TV
otouyelwy tou (ouufoloude rset(T))

® UETAOYNUATIOUOS ATANC €XPEUONS OTNY AVAToEdoTact) TS 6T0 enlnedo TV THTWY TOU
NFLINT (ouuBolouéc repr(se))

o uetaoynuatiopds hoyuic tedtacng o bpo tou emnédou tinwy tou NFLINT (ouufoht-
auos prop(p))

o daduxacto xataoxevic anddetgns oto eninedo tonwy Tou NFLINT vy cuyxexpiuévn ho-
vy tpdtacy (ouufolioude proof(p)), n onola Ha teptypagel 610 endUevo LTOXEPSAALO

o uetaoynuotiopds éxgppacng oe bpo g YAwooag utoloyiouol tou NFLINT (ouyfohi-
ou6e expr(te))

® UETATEOTY 6poU TNS YAGDOOUS UTOAOYLOUOY OE 6p0 XATAAANAO YL ETLOTROPY) aTd GUVHE-
o (ovpBoiioude rtrn(te))

o el UETAPPOGT) GUVAETNONG UE Xphon TwY dladuxaotdy avtdy (ouufolioude func(f))
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ctor(nat) = snat

ctor(bool) = sbool
rset(nat) = Repr.Nat
rset(bool) = Repr.Bool

Eyhuwa 6.1: Ou Suaduxasieg ctor xou rset.

Ou Swduxaotieg autég ypetdlovtat, dmwg elvar guowd, xou TAnpogoples yia Tig dtabéolueg
ouvapthoels (to nepBdhhov ¥ mou eldaue oto xepdhato 4.1), Tig CUVAPTHOELS TV AOYIXGY
Tpotdoewy (10 meptBdAhov P®) xabde xau tig Srabéoiues anodeilerg oe xdbe onuelo. Illpog
amhomoinon g Wop®nic Twv oploudy, Ta mepBdAlovia autd Hewpolue 6Tl elvor Sabéaiua
oTig Sraduaoieg ywplg vo anotehody TopdueTed TOUg, EVEG onueLdVouUE ol yivetal yehon 1
eEVIUEPWOT AUTAOY.

Yra oyfuata 6.1 - 6.6 yivetal o optopde Ty Stadixactdy autdy. Anéd autég yprlouv oyo-
Aloouod ol prop, expr xou rtrn. Mtnv prop, yivetoaw yerion ulog Bonintxfc Swaduactag, tng
IPIp, 7 OoTolol EMLOTEEPEL TNV AVATAPAOTACY 6TO ETUTESO TUTWY TWV UTOEXPRACELY uiag Aoyixhg
TpbTaonc Tou elvat Tinou dtagopeTixol Tou prop (dpo timou nat B bool). Ou vrnoexgppdostig
autés, elte elvar ¥ARoELG CUVIRTHCEWY TWV AOYLXGY TPOTAGEWY, OTOTE 1) AVATAPAGTACT| TOUG
070 eninedo TV TUTWV elval 1) EQUPUOYT TNG AVATALACTACNS TWV TUPAUETEWY GTOV GO oY
avVATAELOTd TN ouVAETNoY, elte £xouy Hop@Y TopdUoLd UE TS ATAEC EXPPACELS. e auTH TNy
neplntwon 1 Staduaocto rprp €yel TapdUoLo ATOTEAEGUA UE TNV Tepr, oL YU'outd Sev emavo-
Aoufdvouye tov TATien oplous.

Yty expr €yel eviapépoy 1 uetdpeao tou if xau ) uetdppaon g déoucuong yetaAntic
v xAjon ouvdptnong. ‘Onwg éyouue avagépel 610 TPONYOUUEVO xepdlato, 1 Soun if tng
YAOooag utohoyiouot tou FLINT Séyetar we napauétpoug ula ouvdptnor oto eninedo tonwy
mou dedouévne ulag duadixng Twng emtoteépel Tov Tino g anddeling mou Oua elvar Stabéoiun
070 aVTLoTOLY O TAPUXAGDL, xaBADE xat Evay 6p0 Ue TOTO TN OLUVAETNOTY), EPUPUOCUEVY TTAVW GTNY
avanopdotacy e ouvinxne g dounc. O Sevtepog autdS 6p0¢ XATAGKEVALETAL AN TO UNYO-
vioud autéuatng elpeong anodeteng, INTdvtag anddelén yio Aoy TedTacy) ToU XenouLonotel
v eldu ouvdpetnon Cond. Ye xdfe napoxkdde, yivetow Stabéaiun n anddelln e xatdAAnANg
hoyuaic mpdTaong, Teog Yenon and Tov unyavioud autduatng elpeong anddeténg.

H »\jon ouvdptnong uetagpedletal we e&fig. Kat'apyds epapudélovion tédvw 6tov 6po ng
OLVAETNONG Ol AVATAPAGTAOELS OTO ENLNESO THTWY TV ToEAUETEMY, Ol TopdUeTEoL, xabide xat
anodelelg v TV Loyl TV Tpo-cuVINXGOY g ouvdpetnons. To anotéhecua tng ouvdpTtnong
elvo éva umap€Laxd, mou TEpLEYEL THY AVATAPAoTACY, TOU anotehéouatog, TG anodellelg Twy
peTaouVINXGOY, xo 1o anotéheoua autd xabeautd. To vnapdlaxd “avolyetal” nAfpng, Gote T
emuépoug atoryela v elvar Stabéoiua yia TNV weTdpeaot TN Exppaong oTny onola deouedeToL
N XAHon oLVEETNOTC.

H Swaduaota rtrn yenowwonoteitar hote ota onueia 6mou yivetar emotpoy anoteAécuo-
T0¢ andé TN ouvdptnon, va dnuwovpynboly to xatdAinia vrnopiloxd. 'Etol to anotéheoua
ouvdudletar ue ™V avanapdotacy Tou, xafdg xou ue Tig anodeilelg Twv PeTaouVINXUOY TNg
ouvdptnong.

6.2 Mnyaviopdg auToOUATNG XATAOKELNS Anodellewy

Y10 onueto €36 Ba mepiypddouue To THOG AELTOVEYEL O UNYAVIOUOG AUTOUATNG HATAGHEVTG
anodellewy mou anoteAel uépog TOU UETACYNUATIONOY VO Tpoyeduuatoc Karooma og xhSuxa
NFLINT. Enewd? n napodoa éxdoon autod Tou unyoaviouol emdéyetar BeATidoelg ol dev
Dewpetton Tedw, Sev Ou Sdoouue avotneR meplypaph AUTOU, OTWS £YLVE YL TG UTOAOLTES
dradixacieg TOU YENGULOTOLOUVTAL XATE TOV UETACY NUATLOUOS.
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repr(id)

repr(n)

repr(true)

repr(false)

repr(binop( +, sei, sez))
repr(binop( — , sei, ses))
repr(binop( * , sej, se2))
repr(binop(/, se1, se2))
repr(binop( < , se1, se2))
repr(binop( >, sej, sez))
repr(binop( <, sei, sez))
repr(binop( > , sej, sez))
repr(binop( ==, sej, sez))
repr(binop(! =, sey, sez))
repr(binop(&& seq, sez))
repr(binop(||, sei, sez))
repr(unop(!, se))

prpr(id(p1, p2, -+, Pn))
prpr(---)
prop(id)
prop(true)
prop(false
y P1, P2

» D1, D2

prop(binop( < )
prop(binop( > p2)
prop(binop( <, p1, p2)
prop(binop( >, p1, p2)
prop(binop( ==, p1, p2)
prop(binop(! =, p1, p2)
prop(binop(&&, p1, p2)
prop(binop(|, p1, p2)
prop(unop(!, p)

gdv id : Tp1, TP2, --
prop(id(p1, p2, -+, pn)

gqv id : Tp1, TP2, --
prop(id(p1, p2, -+, pn
érou t; = prop(p

)
)
)
)
)
)
)
)
)
)
Pn
)
Pn
)
(p

11l

= id
Repr.natSucc(- - - (Repr.natSucc Repr.natZero))
n Qopég
= Bool.true
= Bool.false

= Repr.natPlus repr(sey) repr(ses)
= Repr.natMinus repr(se;) repr(ses)
Repr.natTimes repr(sey) repr(ses)
Repr.natDiv repr(se1) repr(sez)
Repr.natLEbool repr(sey) repr(ses)
Repr.natGEbool repr(sey) repr(sea)
= Repr.natLTbool repr(sei) repr(ses)
Repr.natGTbool repr(sey) repr(ses)
Repr.natEQbool repr(se;) repr(ses)
Repr.natNEbool repr(sey) repr(ses)
Bool.band repr(sei) repr(sez)
= Bool.bor repr(sei) repr(ses)
Bool.bnot repr(se)

Syfpa 6.2: H Swadicaoctio repr.

Repr.(id) prpr(p1) --- pror(pn)

repr(---)

Prop.propEq Bool.Bool id Bool.true
Prop.propTrue

Prop.propFalse

Repr.natLEprop prpr(p1) prpr(p2)
Repr.natGEprop prpr(p1) prpr(p2)
Repr.natLTprop prpr(p1) prpr(p2)
Repr.natGTprop prpr(p1) prpr(p2)
Repr.natEQprop prpr(p1) propr(p2)
Repr.natNEprop prpr(p1) prpr(p2)
Prop.propAnd prop(p1) prop(pz)
Prop.propOr prop(p1) prop(p2)
Prop.propNot prop(p)

— Pprop :

Repr.(id) t1 -+ t,

— bool :

i) €AY TD;

Prop.propEq Bool.Bool (Repr.(id) t1 --- t,) Bool.true
= prop 7 t; = prpr(p;) Stagopetixnd

Yyfhua 6.3: H Swaducaoto prop.
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) id
) = n

expr(b) = b
)) = expr(se1) (op) expr(ses)

expr(unop(op, se)) = (op) expr(se)
expr(if (se1, tea, tez)) = if [Ab:Bool. Cond b prop(se;) prop(negate(sey)),
proof(Cond(sey, se1,negate(sey)))] (expr(ser),
Xirue-rtrn(tes), X faise- rtrn(tes))
(n anédel&n Xirue TOU s€1 elvan dtabéowun otn uetdgppaon tou tea,
xaw M) anddel&n X rqise TOU negate(ser) elvan Stabéoun oty yetdgppoon Tou tes)

€8V id func © (1dparams W)[W} — iyt * Tret [pm] to7TE:

expr(bind (id, idfync(5€)) in te’) =

unpack (t : Jidyet : 18€t(Tret).Iprfs : pi. -+ - Iprfy @ pi.ctor(Tret) idret) as
(id : rset(Tyet ), immg : Iprfy : pi.- - Ipriy : pi.ctor(rret) id) in

unpack immg as (prfy : pj,immy : Iprf, : p. .- Iprfy, : pyi.ctor(Trer) id) in

unpack imm, ; as (prfy : p;,id : ctor(7ret) id) in rérn(te’)
t = idfunc repr(ser) - --repr(sey) proof(py)---proof(pl) expr(sei)---expr(se,)
o oprefrg
b, = P [dearams = Q]
p;( = prop(pzp%t[idparams = Q,Z’dret = ld])
; ‘ . ’ tr . .
(ov anodeiletc prfi € prfm TV Aoywdy npotdoewy PP [idparams = 5€, idyer = id]
elvar Sabéoruec oty petdppaon tou te')

EyfHuo 6.4: H diodixaota expr.

rtrn(if (seq, teq, tes)) = expr(if (seq, tes, tes))
rtrn(bind be in te’) = expr(bind be in te’)

edv Bpioxduacte yéoa 61N GLUVAETNON

/idfunc : (idparams : Tparams)[pm] — iyt Tret[ply D2, -, pn] peeds
P = pilidye := repr(se)] téte:
rtrn(se) = pack (idret : 7set(Tret) = repr(se),

pack(prfy : prop(p)) = proof(p}),

pack(prtx : prop(p,) = proof(p,),
expr(se) : ctor(Tret) repr(se)) : Jprfy 1 prop(py).ctor(tret) repr(se))
: Iprfa1 : prop(pl,_1)-3prfa : prop(p}).ctor(tret) repr(se))

: Jprfy : prop(py). - - - 3prfn : prop(pn).ctor(Tret) idret)

Synpa 6.5: H Siaducaotio rtrn.



func(ldfunc : (dearams : Tparams)[p—m%] - Zdret * Tret [ppost] = efunc) =
poly idparams,l : Tset(Tparams,l)- -+ +poly iCIparams,n : rset(Tpm’ams,n)'
poly pprfi : prop(py™®).---poly pprfm : prop(pm°).

lambda idparams,1 : CtOT(Tparams,l) iClparams,l- -++lambda idparamsn : Ctor(Tparams,n) idparams,n-
rtrn(e func)
(ot WETdPEAUON TNS €fyunc Elvar Swabéotueg ou anodeleic pprfi, pprfa, -, pPTfm

TV Tpotdoewy pP')

Iynpa 6.6: H Siaducaotia func.

O unyavioude autde yenowonotel tic dtabéotues anodellels xat ta Hewphuata mou mept-
Yedpovtol 670 aviiotolyo apyeilo mpog xataoxevy| Twy anodeléewy. O dwabéoes anodeilelg
anotehovy duddeg evog 6pou NFLINT xouw tng Aoyunfg mpdtaomg yia Ty onola 0 6pog auTtdg
elvar anddelln. Ta Oewpfuata anotehodvtat and évav épo oe NFLINT, éva olvoro and ehed-
Oepec uetafintée, ulo hoywe] npdtacn-otdyo xow mhavde xal Aoyixéc tpotdoeic-unobéoets. O
6po¢ NFLINT mou avtiotouyel oe xdle Oedpnua npénet va €xet tov xatdAinho tdmo, va eivat
dnAadh cuVEETNOYN WG TEOG TLG AVATAPACTAGELS TOV TUTKY TWV UETAPANTOY xal Tig Aoyuxég
npotdoeic-unobéoeilg, mpog T Aoy TedTaoT-0TdY0, GoTE Vo anotehel anddelln tou Bewpih-
potog. Mropodue va xataoxeudoovue ulo anddelln e hoywaic npdtaonc-otdyou edv Peebel
XATAAANAT, AVTLXOTAOTAOY Y TG UETafANTES Tou Bewpruatog, xol anodeilelg yio Tig uTobé-
oeig, epapuolovtag otov 6po NFLINT tou Oewphuatog Tig avanapaoTtdoels TV YeTABANTOY
xaL Toug 6poug mou anodetxviouy Tig utobéoeLs.

T vo Beebel anddeiln yio pla Aoy npdtacy, apyixd avalnteltal n (8t Aoyuxr| npbdtaon
péoa 010 oBvoro Twv Sabéouwy anodeilewy. Edv Sev Peefel, t61e Cextvd ula Stadixaoia
avalhtnong anddeléng ue yenon twv fewpnudtoy. EXEyyetor, yia xd0e Oedpnua, xatd nécov
7 mpog anddelln npdtaon umopel vo evonownfel ue 1 nedtaon-otéyo tou exdotote Hewprua-
t0¢. Ado npotdoeilg elval evonotiolueg, dtay €xouy Ty Bta Sourn YeTd and avTIXATAOTAOT
TV avTloTolywy UToEXPpdocwy Tng ulag ot Béon 1wy eAelbepwy HeTABANTOY TG dAANG. 2u-
Yxexpuéva, N npotaon-otoyos éxel (mbavdg) ehedbepec petaBintéc ouyxexpyuévou ThHnov.
Av xatd ) Souwn) olyxplon g Ue TV mpdTaoy mpog anddelln mpoxlyEl N meplnTwon oty
O¢on ulag unoéxgppaong xdnolou TOTOL TNg TEdTAONG TEOg AnddEEY v PeloxeTar ulo ehed-
Oeen petaBAnTh Tou Blou Timou Tng mpdTAGNC-0TOYO, N TIWY aUTHS TpoodioplleTar wg o ue
v unoéxgpaon. H dwduacio autd emavadauBdvetal, xar oty nepintworn mou dev npoxijel
xdmota aUyxpouon 61N dout Twy 300 TPOTAGEWY, oL dV0 MpoTdoeLs elval EVOTOLROLUES.

Ye meplntwon mou 1 npdtacn npog anddelln evonoleitar UE TNV TEOTAON-0TOY0 VoG De-
WEAUATOS, YIVOVTOL OL OVTIXATACTAOELS UETABANTOY Tou €youy tpoxiel xatd tny evonoinon
xaL 0TS Mpotdoeic-unoféoeic. Xto onueto autd, ol utobéoelg umopel va Exouv xaL opLouéveg
ehetlepeg pwetafAnTéc oL Tlwég Twy onolwy dev €xyouv TpoodloploTel: Sev elval anapaltnTo ot
bheg ov uetofAntéc evég Bewpruatog eugaviovial oty TedTaon-0TdY0, XAToleg unopel va
eupavilovtar uévov otig unobéoelg. ISavixd Oo Oéhaue vo exteléoouue avadpouxd T dia-
duaoto elpeong amddeldng yia Tig mpotdoeig-unobéoetg, autd duwg dev unopel va yiver oty
yvevu mepintwon, agod 1 Swadixacio auth oty napoloa Exdoon anattel N Aoyw) TpdTao
Tpog anddelrn va uny €xet ehebepeg petafintéc. Etol éyouue upla dadixastio mou tpoonabel
vor aviyveloet pla xatdAAnAn avixatdotaoy Yo Tig HETABANTEC TwV MpoTdoswv-unobéceny
mou dev €youv mpoodioplotel, doxwwdlovtag evonolnomn uévov e Tig Stabéoiueg anodetéetg xon
oy ue mAen avalhtnon anddeléng xal uéow twyv dewenudtowy. H vionoinon tneg Swaduxactag
ebpeomne anodeléewy €tol anhomoleltal apxetd, oe oyxéon UE TNV TMEplMTWOY TOU EMTPENOVTAY
adéopeuteg ueTafBANTéc yia Tig mpog anddelln mpotdoelc. H apvnund cuvénela g emhoyiig
authg elval 4Tt evedd xdmoleg hoyxés mpotdoelg unopolyv Oewentind vo anodetyfolv and tig
drabéolueg anodetéelg xar to Bewphuata, mpaxtixd dev unopel vo Bpebel ula tétola anddelln,

71



xaL €tol ypetdlovral nepatépn Oewpiuata yio Ty anddellr toug.

O unyavioudg ebpeong anodellewy umopel va yapaxtneiotel wq back-chaining xa avald-
morg neeta ot Babog. Xagaxtneiletar weg back-chaining Siétt Eexwvdue and tov 61éY0 TOYL
Béhovue va amodeigovue xar avalntodue modg unopel vo mpoxdder autds “mpog Ta mAvVe”, ot
avtifeon ye vy nepintwon mou Bu Eexivolooaue and ta Stabéoua ewpfuata xou tig Stabéotueg
anodelelg, xat Oa xatooxevdloye anodeifelg mou mpoxintouy and autd, uéyel va Peebel ula
anddelén e mpdTaong-otoéyou. Enlong avalntel npdta o Bdbog, Sibt av Bpebel Eva Bedpnua,
0 616)0< 10U 0Toloy EVOTOLELTAL UE TNV EXACTOTE TROTAGY TE0og anddelln, yivetow TANeNg avo-
C{htnon tou xatd técov umopotv va anodetybodv ol npotdocig-utobéaeig, Tewy Soxwaotel dAho
Dedenuo.

Mmnopotue va modue 61l o unyaviouds edpeong anddeting elvor avdhoyog 10U unyYaviouos
Tou yenowonoteital mpog enthuot epwtUdTwY VOC TPoYEduUaTOS 0T Aoyt YAGooa Prolog.
Ou mpotdoeig yio Tig onoteg €xovue Sabéoueg anodeiéels elvar xavéveg Prolog ywelc peta-
BAntéc xon ywetls Se&i uépog, evdd ta Bewpruata aviiotolyody oe xavoves Prolog ue otédyo tny
TEOTAGT-0THY 0, XAL TPOATUTOUUEVA TI¢ TeoTdoeg-unofBéoelg. H Saduxaotia edpeomng anddelng
yenowonotel udhiota Ty £vvola NG EVoTolnorg, 6Twg yenoluwonoteitar xou otny Prolog. Ida-
VIXd, o unyovioude edpeong anddeténe o Aettovpyoloe dnwe pla mhdene unyavy Prolog, dote
va unopoly va Beefolv anodellelg yia dhec tig mpotdoels mou elvar Hewpentind anodeliuec.

Mio evadhoneted duvatdtnta mou o elye evdiagépoy, 660y agopd Ty anddelln twv Aoyi-
%@V TpoTdoewy, Oa Atav va xatapynbel o apyelo Twv Bewpnudtwny, xol o cuvBuaoud ue Evay
Bonlé amodetéewy yia 1o ovotnua NFLINT, yia napddetypo tapduolo ue to npdypauuo Coq,
ot anodeilelg va mpoxintouy autduata, f e aAAnAenidpaon ue to yeRoty, and pla dedopévr
BBAo0pm anodeiéewy o NFLINT. 'Etol xatd ) yetdgpacn evog npoypduuatos, o npoéxu-
ntoy npotdoetc-Hewpuoata mou tpénel vo anodetytody, eite HEom TAXTIXGY AUTOUATNS EVPEGNC
anodellewy, eite yéow an’subelag anddelgng and tov ypRotn. H npooéyyion auty| Ha elye 10
TAEOVEXTNUA OTL O UNYaVLoUdg autouatng evpeong anodeléewy dev Ha arotehovoe uépog tou
petayhwttiot) g Karooma, ahhd pépog tou NFLINT xot O Aoy neptocdtepo enexTdouuos.
Enlong dev Oa ypewaldtay, étav npochétovue éva véo Oedpnua otn BBAiobnxn anodeliewy
tou NFLINT, va evnuepdvouue xot 1o apyelo Bewpnudtmy ue v neptypagn Tou fewphuatog
oToU.
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Kegdhato 7

YuunepdouoTA

7.1 3vuvelopopd
H ouvelopopd tng epyactac unopel va cuvofrotel we edhc.

o TlpotdOnxe pla véa yAdooa mpoypouuatiouol ue anodeilelg, n Karooma, mou yernot-
pomotel TNV 3ol TWV MEo- XAt UETO-oUVENXGY Yo TV Tpodiaypagh g ophdtntag evég
npoypduuatos. H oyedlaoh g emxevipdinxe otnv euxohla yprong and npoypouuott-
0Tég xaL autd elvan To LoYVEd NG onuelo oe oyéon ue UTdEYOVOEG TAPOUOLEG YAMOOES.
201600, LOTEREL WG TPOG TNV EXPRACTIXOTNTA TOU GUOTAUATOS THTWY.

o Emtelylnxe mifene daympelouds e @dons mpoypauuationod evég npoypduuatog ot
YAGOoH auTh Xau TG paong anodeting g uepwic ophdtnTde Tou. e ouvduaoud UE
NV UTOGTHELE N TAPAUETOIXMY AVATUPACTACEWY, EVAS TEOYPAUUATIOTHS Unopel va mpo-
yeauuatilel otnv Karooma ywpic va acyoleitar ye tnv anddeln e uepwic ophdag,
onwe Oa €xave oe ulo omoladnote YAOGGGA GUYARTNOLAXOU TEOYLUUMATIOUOY, XAl VoS
YVOoTNG walbnuateic Aoyuig unopel énetta var Topéyel TNV auotner anddelly.

o Yionounxe évoag UETAYAWTTLOTAS AUTAS TNG YAMOGOG Tou Topdyet xd3ixa v To 6d-
otnua NFLINT. TIpwv tnv extéheon tou mpoxintovia xddixa, unopel va emPefatnmiet
UEGW AUTOY TOL GUOTAUATOS 1) Leptx) 0pBETNTA TOU XMdXA, EVEH XATd TO YpbVo exTéAe-
ong dev ylvetal xdmolog oYeTIXOS ENEYYOG, UE AMOTENEGUA VA UMY EYOUUE XHGTOG GTNY
an6300Y, TOU TEAX0U EXTEAEGLUOL.

e Yionowffnxav oty yYhdooo Karooma éva 60voho and mpoypduuata Yoo 6UVARTAGELS (Qu-
oY apLtiu®dy, ue TAHen anddeln uepwrc opbétnrac. T'ia To oxond autd, eumhouticoye
™ BBAobixn tou NFLINT ue ta fewpfpata mou gavnxay anapaltnto.

7.2  Mehhovtixr €peuva

Mia onuavtixy) xatedluven v HeEALOVTLX €peuva TV OTLS YADOOES TROYRUUUATIONOU UE
anodeiéelg elvon 1 Siepedvnon tou xatd méco ula oyediaon 6nwg auth g YADGoAS oy Te-
elypdpaye o auTh TV gpyacia, UE SLaYWELOUS NS PACNS TEOYEAUUATIONOU and TN (pdom
anddeting, xat ywpelc eupavels eCapTdUEVOLS TUTOUC, ElvaLl TEOXTIXY oL UTopel va emextobel
oe yeyahitepa mpoypdupata. Eyel evdiagépoy va Sodue €dv, Sedouévng ylog apxetd Yeyding
BBAobxme Bewpnudtwy, unopel va emiteuybel 0 616y0¢ TV anodeliiua opbdv tpoypauudT®Y,
AXOUN XOL VLo TROYRAUUATA UE TaxTixY) Yenowdtnta — yuelc 1 dadixacia tng anddeling va
duoyepatvel utepBolxd 10 €pyYo TOU MEOYPAUUATLOTH.

ITpog avth v xatelbuvor Oa Bonboloe pla enéxtaon tng undpyovoas YAOGGAS HOTE VA
unootnellel éva mo mhovolo clotnua tomwy. Oo uog evdiépepe Wialtepa 1 vtooTHEEn aA-
YeBpxdy THMWY SEBOUEVDY OpLOUEVKDY ATt TO YENOTY, TALOUOLWY UE AUTOUC TOU GUVOVTAUE
oTLg Tp€yovoes dadedouéveg YADooeg cuvaptnotaxol mpoypauuatiouod. H unootheln té-
TOWWY TUTWY GUVETAYETAL TN SUVATOTNTA OpLooy doudy dedouévwy 6mwg AloTteg xat dévtpa,
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mou Oa enétpenay v vAonoinoyn evdlagepdvtwy akyoplBuny 6nwe 1 taglvéunon xo 1 avalh-
on. Uty meplntwon auth, mpénel va egetaotel Tdg mpénel Vo EUTAOUTIOTEL XAt 1) YA®ooo
TOY AOYIXOY TEOTAGENY, BOTE VO UTOPOUUE Vo EXPEACOVUE ot Vo ATOSEXVIOUUE TN MEPLXN
opfétnTa g VAonolnong Tétolwy akyoplfuwy.

H 3éa twv mpo- xat yeta-ouvinxdy Oo unopotoe téte va emextabel xoaL 6Toug 0pLopol
oMWY and 1o YeRotn, GoTe Vo unootnelyfoldy xdmotol tinot dedouévwy mou €xouv tWLaitepo
evdagépov oty Emtotiun e IAnpogopuic. Tétolog tinog elvar yia tapddetyua o Tinog Tov
TaELVOUNUEVWY AOTAY, Tou v avTihéoel Ye Tig xavovixés Aateg, o xataoxeuaotis Cons tng
dnutoupylag véag AMotag and otouyelo-xepain xat undpyouoa AloTa-oupd, UTOREL Vo EQAPUOCTEL
uoévov edv 1 npochixn tou véou atoiyelov Statneel Ty Tadivounuévn oetpd g Aotag. Ala
tétot mapadelypato inwy elvar tor xdrxxva-padpa dévtpa (red-black trees) xar ov cwpol
(heaps).

H yAdooa Oa yivdtay axdun mo expeaotind edv enextelvaue 1o oVotnua THnwy pe Tdnoug
ovvapthoewy. Etot o uthpye Suvatdtnta yio ouvapthoetc vdpnhdtepou Babuol (tou déyovta
0¢ TOPGUETPO GUVAETNOY, N EMOTEEQPOLY GLUVAETNOY WG anoTéheoua). XNy nepinTwoy aUT)
€xeL evBlaépoy To TG YelptlOUAOTE CUVIPTAGELS UE SLUPOPETIXES TPO- XAl UETO-GUVITXES.

‘Eva axéun embuuntd yopaxtnplotixd g YAGooag elval 1 utootiplln yLo TapevEPYELES
(side-effects), mou Ha enétpene T Unapln avapopdy, GUVAPTHOELY £L6630U-eE£650U, XaL YEVLXE
UTOGTHRLENG YAPAXTNELOTLXMDY TWY TEOCGTAXTIXDY YAWGGOY TEOYPOUUATIGUOD.

Téhog, evdlagépov €xel n nepintwon vo aviatactabel o unyaviouds xataoxeunc anodel-
Eewv TNe YAGooog, xabdg xal o apyelo Dewpnudtwy, and éva, mbavde Stadpactind, adoTnua
anodeléewy 6mweg 10 Coq yia 1o ovotnua NFLINT. Xty nepintwon avti, edv 1 undpyovoa
BBAo0pm Bewenudtoy tou ouothuatog NFLINT dev enopxel yio tny anddelln tng yeptxnc
opfdétntag evég mpoypduuatog, eunioutileton ue véa Bewpruata, to omola anodetxviovial Ue
Teémo Tapduoto ue To olotnua Coq — divovtag ula oepd and Taxtixég anddeling xat oyt Evay
TAfen A-6po mou avamoplotd Ty anddelln, o onolog dboxola xataoxsudleTar.
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